CS054 — How to prove it

Text in black is the “script”—it stays the same every time; text in monospace is the corresponding Coq code. Text in red is the rest of proof—you
have to figure that part out!

Proposition Pronunciation How to prove it How to use it
Vz, P(x) for all z, P(z) Let x be given. Now prove P(xz) for this arbitrary z | We have y and know Vz, P(z); therefore, P(y).
we know nothing about. intros x apply .../apply ... in ...
Jz, P(x) there exists an z | Let = choose some object, y. Now prove P(y) for | We have 3z, P(z), so let y be given such that P(y).
such that P(z) your choice of y. exists ... destruct ... as [x Hpl
re fh:r?zhes wae (S:II(I)F;EZE Sl(;a{;e TSWPII‘);(‘),‘:;? f;i‘::f ;bbumed p. You Use #1: We hiave p = g; since proof of p, we have
q. apply ... in ...
Use #2: We must show ¢, but we have p = ¢, so it
suffices to show p. Now go prove p! apply ...
pPAq p and ¢ . We have p A g, i.e., we have both p and q.
Prove p. Prove q. split destruct ... as [Hp Hq]
pVa pord Proof #1: To see p V q, we show p. Prove p. You We have p v g. We go b?’ cases. )
(p) If p holds, then prove whatever your goal was,
don’t have to prove ¢q. left .
given p. Ignore gq.
Proof #2: To see p Vg, we show ¢. Prove ¢. You (¢) If g holds, then prove whatever your goal was,
don’t have to prove p. right .
given g. Ignore p.
destruct ... as [Hp | Hql
-p not p To show —p, suppose for a contradiction that p holds. | We have —p; but proof of p—which is a contradic-
Now find a contradiction, like 0 = 1 or ¢ A =g or | tion. Now you’re done with whatever case
5 < 1. intros contra; destruct/inversion you’re in! exfalso; destruct/inversion
Derived forms
P q zni;f ig,q p if and We(z?vseuizggss;ﬁ?;gﬁfssf?ately : que #1: We have p < ¢; since proof of p, we have
(=) Suppose g; proof of p. Use #2: We have p < ¢; since proof of ¢, we have
.
Vz, P(z) = Q(x) | for all  such that | Let an = be given such that P(z). Prove Q(z), given .
P(z) holds, Q(z) | that P(z) holds. Choose some y. Since we have P(y), we can conclude
holds Q).
VY €S, P(z) for all = in S, | Let an z € S be given. Prove P(z), given that x is ,
P(x) holds in the set S. Choose some y € S. We have P(y).




Induction on natural numbers
The induction principle for natural numbers is VP, P(0) = (Vn, P(n) = P(n+ 1)) = (¥n, P(n)). You want to use induction to prove propositions of the
form Vn, P(n). Examples of such propositions include:

Vn, 2- Z ot=mn(n+1) Vn, n is even V n is odd
Vn, n has at most one set of prime divisors Vn, n has at least one set of prime divisors
Vn, n>1=n<2" Vn, n>1=nl<n”

For each of the above, what is the proposition P(n)? To find out, just strip off the Vn at the front. Let’s use the first one as an example of doing an induction.

Theorem: Vn, 2- Z:;Oi =n(n+1).
Proof: Let an n be given. We go by induction on n to prove 2 - Z?:oi =n(n+1).

(n=0) We must show P(0), i.e., that 2- 3 °_ i =0(0+ 1). We compute:

0
2:) i=2:0=0-0=0-1=00+1)

i=0
(n =n' 4+ 1) Our inductive hypothesis (IH) is that P(n'), i.e., 2 - Z?:/ol =n/(n' 4+ 1). We must prove P(n), i.e,, 2- Y " i =n(n+1). We compute:

2. Z"
= 22“%’—2 ' +1)+2- 3"
= 2n' +2+0n/(n +1)*2n rorn
= n(n+1)

(by the TH)

9+n =n? 43" +1=n?+3n"+2=(n+1)(n'+2)

So, here’s the template for such an induction proof:
Theorem: Vn, P(n)
Proof: Let an n be given; we prove P(n) by induction on n.

(n =0) Prove that P(0) holds.
(n=mn"+1) Our IH is P(n'). We must show P(n), i.e., P(n’ 4+ 1). Proof of P(n’ + 1) using the IH in some creative way.



