
Pushdown Automata

Definition 1 A pushdown automaton(overΣ) is a quintupleM = (Q,V, s, F, T ), where:

• Q is a finite set (thestates)

• V is an alphabet (thestack symbols)

• s ∈ Q is thestart state

• F ⊆ Q is the set offinal states

• T ⊆ Q × (Σ ∪ {Λ}) × V ∗ × V ∗ × Q is thetransition relation. If (q1, a, v, w, q2) ∈ T , then we write

q1
a,v/w
−→ q2.

Intuitively, the presence of a transition(q1, a, v, w, q2) means that if the PDA is in stateq1 and the next
input symbol isa and the top few symbols on the stack arev, then the PDA can move to stateq2 by popping
thev from the stack and replacing it withw.

Definition 2 A configurationof a PDAM = (Q,V, s, F, T ) is an element ofQ × Σ∗ × V ∗ — that is, a
triple of the form(q, w, v) whereq is a state,w is a string overΣ andv is a string of stack symbols.

Definition 3 Let M = (Q,V, s, F, T ) be a PDA. Then theone-step execution relationof M , written 7→M ,
is defined by:

(q1, aw, αγ) 7→M (q2, w, βγ) if q1
a,α/β
−→ q2 is in T

Themulti-step execution relation7→∗

M is defined as follows. IfC0 and Cn are configurations ofM , then
C0 7→∗

M Cn if there is a sequence of configurationsC1, . . . , Cn−1 such that

C0 7→M C1 7→M · · · 7→M Cn−1 7→M C.

In other words,7→∗

M is the reflexive, transitive closure of7→M .

We will often omit the subscriptM , writing simply 7→ and 7→∗, if the PDA in question is clear from context.
In proving theorems about the execution of pushdown automata, the following lemma will be very

convenient. We state it without proof.

Lemma 1 Let M = (Q,V, s, F, T ) be a PDA. If(q, w, γ) 7→∗

M (q′, w′, γ′), then for anyv ∈ Σ∗ and any
δ ∈ V ∗, (q, wv, γδ) 7→∗

M (q′, w′v, γ′δ).

Proof: Left as an exercise.

Acceptance of Context-Free Languages

The class of languages accepted by pushdown automata is exactly the context free language. To prove this,
we will show how to convert a context-free grammar into an equivalent PDA, and how to convert a PDA
into an equivalent CFG.

We’ll do the grammar-to-automaton direction first. Here is the construction:

1



Constructing a PDA from a CFG
LetG = (N,S,R) be a context-free grammar. Then the equivalent PDA isM = (Q,V, s, F, T ),
whereQ = {s, t}, V = N ∪ Σ, F = {t} andT contains the following transitions:

• s
Λ,Λ/S
−→ t

• t
Λ,A/w
−→ t for each ruleA → w ∈ R.

• t
a,a/Λ
−→ t for each terminal symbola ∈ Σ.

The correctness of this construction will follow from the following Lemma.

Lemma 2 LetG be a CFG andM be constructed fromG as above. Ifw ∈ Σ∗ andv ∈ {Λ} ∪N(N ∪Σ)∗

(that is,w is the longest all-terminal prefix ofwv), thenS
L
⇒

∗

wv iff (t, w, S) 7→∗ (t,Λ, v). ( L
⇒ means a

leftmost derivation.)

Proof: We will prove each direction separately.

(⇒): SupposeS L
⇒

∗

wv. We’ll show that(t, w, S) 7→∗ (t,Λ, v) by induction on the length of the
derivation in the grammar.

Base case:The derivation takes zero steps, soS = wv. Sincew consists only of terminals andS is
a nonterminal, this meansw = Λ andv = S; hence(t, w, S) = (t,Λ, v) and so the required PDA
execution is accomplished with zero steps.

Inductive case:Assume the lemma holds for leftmost derivations of lengthn, and suppose the deriva-

tion S
L
⇒

∗

wv takesn + 1 steps,i.e.:

S
L
⇒ u1

L
⇒ · · ·

L
⇒ un

L
⇒ wv.

Since each step in this derivation expands the leftmost nonterminal, letA be the leftmost nonterminal
in un. Then for some stringsx andz (with x ∈ Σ∗) we must haveun = xAz andwv = xyz where
A → y is a rule of the grammar. Also, note that sincew is the longest all-terminal prefix ofxyz and
x is all terminals,w must contain all ofx and possibly some ofy. So we must havey = y1y2, where

y1 ∈ Σ∗ andw = xy1 andv = y2z. Now, in the derivation above we haveS L
⇒

∗

xAz in n steps,
so the induction hypothesis gives(t, x, S) 7→∗ (t,Λ, Az). Since a PDA can only look one character
ahead at a time, we also have

(t, xy1, S) 7→∗ (t, y1, Az) 7→ (t, y1, yz) = (t, y1, y1y2z) 7→∗ (t,Λ, y2z)

But y2z = v, so this is what we needed to show.

(⇐): Suppose(t, w, S) 7→∗ (t,Λ, v). We’ll show thatS ⇒∗ wv by induction on the number of steps in
the execution.

Base case:The execution takes zero steps, sow = Λ andS = v. Then clearlyS ⇒∗ wv.

Inductive case: Suppose the lemma holds for all executions of length less than n, and suppose
(t, w, S) 7→∗ (t,Λ, v) in n steps,i.e.,

(t, w, S) 7→ C1 7→ · · · 7→ Cn−1 7→ (t,Λ, v)
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Observe that in this sequence must be at least one step using atransition that expands a nonterminal
on the stack. (Since there are no terminals on the stack, thatis the only kind of transition possible for
the first step.) Consider the portion of the execution starting with thelast expansion step:

(t, w, S) 7→∗ (t, w′, Av′) 7→ (t, w′, xv′) 7→∗ (t,Λ, v)

The last group of steps are all of the kind that match an input character against a stack symbol; thus
we conclude thatxv′ = w′v. Now, the inputw′ that remains beforeA is expanded must be a suffix of
w, so it must be thatw = w0w

′ and(t, w0, S) 7→∗ (t,Λ, Av′) in fewer thann steps. By the induction
hypothesis, then,

S ⇒∗ w0Av′ ⇒ w0xv′ = w0w
′v = wv

which is what we needed to show.

Q.E.D.

It follows immediately that the pushdown automaton constructed for a grammarG accepts exactlyL(G).

Lemma 3 If L is context-free, then there is a PDAM such thatL = L(M).

Proof: Let G be a context-free grammar forL, and letM be constructed fromG as above. We will show
thatL(M) = L(G).

(⊆): Suppose(s,w,Λ) 7→∗ (t,Λ,Λ) (as it must ifw ∈ L(M), sincet is the only final state). The first
step of this execution must use the transition that moves from s to t pushingS onto the stack; thus,
(s,w,Λ) 7→ (t, w, S) 7→∗ (t,Λ,Λ). By Lemma 2,S ⇒∗ w and sow ∈ L(G).

(⊇): SupposeS ⇒∗ w; thenS
L
⇒∗ w. By Lemma 2,(t, w, S) 7→∗ (t,Λ,Λ); hence(s,w,Λ) 7→

(t, w, S) 7→∗ (t,Λ,Λ) and sow ∈ L(M).

Q.E.D.

Now, we show how to construct a context-free grammar equivalent to a given pushdown automaton.
To simplify the construction, we will limit ourselves for the moment to pushdown automata that only use
certain limited types of transitions; we call such automata“simple”, and define them as follows.

Definition 4 A pushdown automatonM = (Q,V, s, F, T ) is simple if every transitionp
a,α,β
−→ q ∈ T

satisfies the following:

1. q 6= s;

2. if p = s, thena = α = Λ and |β| = 1; and

3. If p 6= s, then|α| = 1 and |β| ≤ 2.

In other words, a simple pushdown automaton must begin execution by pushing a single symbol onto
the stack, and never reenter its start state; furthermore, at each subsequent step it removes one symbol from
the stack and replaces it with at most two symbols. These limitations make it easier to construct a grammar
to recognize the language accepted by the PDA:
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Constructing a CFG from a simple PDA
Let M = (Q,V, s, F, T ) be a simple PDA. Then the equivalent grammar isG = (N,S,R)
where

• N = {S} ∪ {Bpq | B ∈ V ∪ {Λ}, p, q ∈ Q}.

• R contains the following rules:

– S → Aqf for each transition of the forms
Λ,Λ/A
−→ q ∈ T and eachf ∈ F .

– Apr → aBqr for every transitionp
a,A/B
−→ q ∈ T and everyq ∈ Q.

– Apt → aBqrB
′

rt for every transitionp
a,A/BB′

−→ q and every pair of statesq, q′.

– Λqq → Λ for each stateq.

We now prove the main lemma for the correctness of this construction.

Lemma 4 LetM = (Q,V, s, F, T ) be a simple PDA andG = (N,S,R) be constructed fromM as above.
Then for anyA ∈ N ∪ {Λ} andp ∈ Q \ {s}, (p,w,A) 7→∗

M (q,Λ,Λ) iff Apq ⇒∗ w.

Proof: We will prove each direction separately.
(⇒): Suppose(p,w,A) 7→∗ (q,Λ,Λ). We will showApq ⇒∗ w by induction on the number of steps in

the computation.

Base case:The computation takes zero steps,i.e., p = q, w = Λ andA = Λ. But by construction,
the grammarG contains the ruleΛpp → Λ; henceApq = Λpp ⇒∗ Λ = w.

Induction step: Suppose this direction of the lemma holds for computations of length less thann,
and that(p,w,A) 7→∗ (q,Λ,Λ) in n steps. There are two cases, depending on the type of transition
used in the first step of the computation (we note that by assumption,p 6= s).

Case 1:The first step is of the form(p, aw′, A) 7→ (p′, w′, A′), wherew = aw′, a ∈ Σ ∪ {Λ},

A′ ∈ V ∪{Λ} and the transitionp
a,A/A′

−→ p′ is in T . The remainder of the computation therefore
hasn − 1 steps and the form(p′, w′, A′) 7→∗ (q,Λ,Λ); by the induction hypothesis,A′

p′q ⇒∗

w′. By construction, the grammarG contains the ruleApq → aA′

p′q, so we have a derivation
Apq ⇒ aA′

p′q ⇒∗ aw′ = w.

Case 2:The first step is of the form(p, aw′, A) 7→ (p′, w′, A1A2) wherew = aw′, a ∈ Σ∪{Λ},

A1, A2 ∈ V and the transitionp
a,A/A1A2

−→ p′ is in T . Because the PDAM is simple, we
can separate the remainder of the computation into two partsby finding p′′, w1, w2 such that
w′ = w1w2 and:

(p′, w1, A1) 7→
∗ (p′′,Λ,Λ) and (p′′, w2, A2) 7→

∗ (q,Λ,Λ) (∗)

where the total number of steps in both of these computationsis n − 1. (This is a nontrivial
consequence of simplicity whose proof we are eliding right now.) By construction, the gram-
mar must have the ruleApq → aA1p′p′′A2p′′q; using the induction hypothesis, we can form a
derivation:

Apq ⇒ aA1p′p′′A2p′′q ⇒∗ aw1A2p′′q ⇒∗ aw1w2 = aw′ = w
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In either case, we have found a derivation ofApq ⇒∗ w, which is what we needed.

(⇐): SupposeApq ⇒∗ w. We will show(p,w,A) 7→∗ (q,Λ,Λ) by induction on the number of steps in
the derivation. Note that the derivation must have at least one step, sinceApq is a nonterminal butw ∈ Σ∗.

Base case:The derivation has one step. The only rules withΛ on the right-hand side are those of
the formΛqq → Λ. In this case we haveA = Λ w = Λ andp = q; hence trivially(p,w,A) =
(q,Λ,Λ) 7→∗ (q,Λ,Λ).

Induction step: The derivation hasn steps wheren > 1. Suppose this direction of the lemma holds
for derivations with fewer thann steps. There are two cases to consider:

Case 1:The rule used in the first step is of the formApq → aBp′q; this means thatw = aw′ and
there is a derivation ofBp′q ⇒∗ w′ in n − 1 steps. By the induction hypothesis,(p′, w′, B) 7→∗

(q,Λ,Λ). Moreover, by the construction of the grammar the PDAM must have the transition

p
a,A/B
→ p′; using this transition we get

(p,w,A) = (p, aw′, A) 7→ (p′, w′, B) 7→∗ (q,Λ,Λ)

Case 2: The rule used in the first step is of the formApq → aBrtCtq, w = aw′ and there is
a derivation ofBrtCtq ⇒∗ w′ with n − 1 steps. It follows that there must be some way to
expressw′ asw1w2 so that there are derivations ofBrt ⇒∗ w1 andCtq ⇒∗ w2 with fewer
thann − 1 steps each. By the induction hypothesis,(r, w1, B) 7→∗ (t,Λ,Λ) and(t, w2, C) 7→∗

(q,Λ,Λ); by Lemma 1 this first result implies(r, w1w2, BC) 7→∗ (t, w2, C). Moreover, by the

construction of the grammar,M must have the transitionp
a,A/BC
−→ r; using this, we get:

(p,w,A) = (p, aw′, A) 7→ (r, w′, BC) = (r, w1w2, BC) 7→∗ (t, w2, C) 7→∗ (q,Λ,Λ)

In either case, we have constructed an execution(p,w,A) 7→∗ (q,Λ,Λ) in M , which is what we
needed.

Since we have shown both directions of the equivalence, our proof is complete.
Q.E.D.

As before, the correctness result follows easily from this main lemma.

Lemma 5 LetM be a simple pushdown automaton. ThenL(M) is context-free.

Proof: Construct the grammarG = (N,S,R) from M as described above. We claim thatL(G) = L(M),
which meansL(M) is context-free. We’ll show inclusion in both directions.

(⊆): Supposew ∈ L(G), i.e. there is a derivationS ⇒∗ w in G. The first rule used in the derivation
must be one of the formS → Aqf for some stateq and final statef ; the remaining steps form a derivation of

Aqf ⇒∗ w. By Lemma 4,(q, w,A) 7→∗ (f,Λ,Λ) By construction, the PDAM has the transitions
Λ,Λ/A
−→ q;

hence
(s,w,Λ) 7→ (q, w,A) 7→∗ (f,Λ,Λ)

wheref is final. By definition, then,w ∈ L(M).
(⊇) Supposew ∈ L(M); this means for some final statef , (s,w,Λ) 7→∗ (f,Λ,Λ). BecauseM is

simple, the first step in this execution must be(s,w,Λ) 7→ (q, w,A) for some stateq and stack symbol
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A and the rest of the execution gives(q, w,A) 7→∗ (f,Λ,Λ). By Lemma 4,Aqf ⇒∗ w; moreover, by
construction the grammar contains the ruleS → Aqf ; thusS ⇒ Aqf ⇒∗ w.
Q.E.D.

In order to show that the language accepted byany pushdown automaton is context-free, we must show
that for any PDA there is asimple PDA that accepts the same language. Constructing such a PDA is not
difficult, but we will not go into the formal details. The basic steps of the construction are:

1. Create a new start states′ and a new final statef ′ (final states of the original PDA become nonfinal).

Choose a new stack symbol the PDA does not already use (say,#) and add the transitionss′
Λ,Λ/#
−→ s

andf
Λ,#/Λ
−→ f ′ for each final statef of the original PDA.

2. Remove each transition of the formp
a,α/β
−→ q where |β| > 1, and create new intermediate states

connected by transitions that push the characters ofβ one at a time. For example, ifβ = b1 · · · bn:

p
α,Λ/b1
−→ r1

Λ,Λ/b2
−→ · · ·

Λ,Λ/bn−1

−→ rn−1
Λ,Λ/bn

−→ q

3. Remove each transitionp
a,α/β
−→ q wherep 6= s′ and |α| > 1, and create new intermediate states

connected by transitions that pop the characters ofα one at a time.

4. Replace each transitionp
a,Λ/β
−→ q with transitionsp

a,b/βb
−→ q for every stack symbolb, including#.

The simple pda created by this construction operates by firstpushing the “bottom-of-stack marker”#
onto its stack and entering the start state of the original PDA. It then simulates the original PDA, except that
it must push and pop stack symbols one at a time. If the original PDA might have reached a final state with
an empty stack, the simple PDA can reach that same state with only # on the stack; it can then pop the#,
leaving the stack empty, and move to the new final state.
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