Pushdown Automata

Definition 1 A pushdown automatofovery.) is a quintupleM = (Q,V, s, F,T'), where:

e () is afinite set (thestate}

V is an alphabet (thatack symbols

s € Q is thestart state

F C (@ is the set ofinal states

TCQx(ZU{A}) x V* x V* x Q is thetransition relation|f (¢1, a,v,w, g2) € T, then we write
a,v/w
q1 — q2.

Intuitively, the presence of a transitidn,, a, v, w, g2) means that if the PDA is in statg and the next
input symbol isa and the top few symbols on the stack ar¢hen the PDA can move to stajeby popping
thewv from the stack and replacing it with.

Definition 2 A configurationof a PDAM = (Q,V,s, F,T) is an element of) x ¥* x V* —that is, a
triple of the form(q, w, v) whereq is a stateuw is a string over: andwv is a string of stack symbols.

Definition 3 LetM = (Q,V,s, F,T) be a PDA. Then thene-step execution relatiaf M, written — j,
is defined by:
. a,a/p ..
(QIv (I’LU,OZ’}/) — M (q27w7ﬁ7) if qQ — q21s1In T
Themulti-step execution relatior-7, is defined as follows. I, and C,, are configurations of\/, then
Co —3; Cy if there is a sequence of configuratiofis, . . ., C,,—; such that
Cornm Cri—n o=y Oy oy C

In other words;—, is the reflexive, transitive closure of ;.

We will often omit the subscripd/, writing simply — and—*, if the PDA in question is clear from context.
In proving theorems about the execution of pushdown autantht following lemma will be very
convenient. We state it without proof.

Lemmal LetM = (Q,V,s, F,T) be a PDA. If(q,w,v) —3; (¢,w',~), then for anyv € ¥* and any
6 € V", (g, wv,70) =7y (¢, w'v,v'5).

Proof: Left as an exercise.

Acceptance of Context-Free Languages

The class of languages accepted by pushdown automata ibyakaccontext free language. To prove this,
we will show how to convert a context-free grammar into aniant PDA, and how to convert a PDA
into an equivalent CFG.

We'll do the grammar-to-automaton direction first. Herehis tonstruction:



Constructing a PDA from a CFG
LetG = (N, S, R) be a context-free grammar. Then the equivalent PDKis- (Q,V,s, F,T),
where@ = {s,t}, V = NUZX, F = {t} andT contains the following transitions:

AA/S
_ t

AA
o t M 4 for each ruled — w € R.

A .
o + ““/% ¢ for each terminal symbal € 3.

® S

The correctness of this construction will follow from theléaving Lemma.

Lemma 2 LetG be a CFG andV/ be constructed frond as above. liv € ¥* andv € {A} U N(N U X)*

(that is, w is the longest all-terminal prefix afv), thenS :L>>k wo iff (t,w,S) —* (¢, A,v). (:L> means a
leftmost derivation.)

Proof. We will prove each direction separately.

(=): SupposeS L wu. We'll show that(¢, w, S) —* (¢,A,v) by induction on the length of the
derivation in the grammar.

Base caseThe derivation takes zero steps, $e= wv. Sincew consists only of terminals anfl is
a nonterminal, this means = A andv = S; hence(t,w, S) = (¢,A,v) and so the required PDA
execution is accomplished with zero steps.

Inductive case: Assume the lemma holds for leftmost derivations of lengthnd suppose the deriva-
3
tion S :L> wo takesn + 1 steps,.e.:
I I I I
S=3u = = u, = wo.

Since each step in this derivation expands the leftmostenarimal, letA be the leftmost nonterminal
in u,. Then for some strings andz (with x € ¥*) we must have:, = xAz andwv = zyz where
A — yis arule of the grammar. Also, note that singés the longest all-terminal prefix afyz and
x is all terminals,w must contain all oft and possibly some af. So we must have = y,y2, where

y1 € ¥ andw = zy; andv = ysz. Now, in the derivation above we ha®Z zAzinn steps,
so the induction hypothesis givés x, S) —* (¢,A, Az). Since a PDA can only look one character
ahead at a time, we also have

(t, 2y, S) =" (t,y1, A2) = (Ly1,y2) = (8 y1,1922) =7 (£, A, y22)
But y»z = v, so this is what we needed to show.

(«<): Supposét, w, S) —* (t,A,v). We'll show thatS =* wwv by induction on the number of steps in
the execution.

Base caseThe execution takes zero steps,se= A andS = v. Then clearlyS =* wwv.

Inductive case: Suppose the lemma holds for all executions of length less thaand suppose
(t,w,S) —* (t,A,v) in n stepsj.e.,

(t7w75)'_>C1H””_> n_lH(t,A7’l})
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Observe that in this sequence must be at least one step usegsdion that expands a nonterminal
on the stack. (Since there are no terminals on the stackisttia only kind of transition possible for
the first step.) Consider the portion of the execution stgnivith thelast expansion step:

(t,w,S) —=* (t,w', AV') — (t,w',20") —=* (¢, A, v)

The last group of steps are all of the kind that match an inpatacter against a stack symbol; thus
we conclude thatv’ = w'v. Now, the inputw’ that remains beford is expanded must be a suffix of
w, SO it must be thaty = wow’ and (¢, wg, S) —* (¢, A, Av') in fewer thamn steps. By the induction
hypothesis, then,

S =* woAv' = woxv' = wow'v = wv

which is what we needed to show.

Q.E.D.
It follows immediately that the pushdown automaton corcderd for a grammatz accepts exactlyZ (G).
Lemma 3 If L is context-free, then there is a PDW such thatL = L(M).

Proof: Let G be a context-free grammar fdr, and letM be constructed frondz as above. We will show
thatL(M) = L(G).

(S©): Supposds,w,A) —* (t,A, A) (as it must ifw € L(M), sincet is the only final state). The first
step of this execution must use the transition that moves fr¢o ¢t pushingS onto the stack; thus,
(s,w,A) — (t,w,S) —* (t,A,A). By Lemma 2,5 =* w and sow € L(G).

L
(2): SupposeS =* w; thenS =* w. By Lemma 2,(t,w,S) —* (t,A,A); hence(s,w,A) —
(t,w,S) —* (t,A,A) and sow € L(M).

Q.E.D.

Now, we show how to construct a context-free grammar eqgemtdo a given pushdown automaton.
To simplify the construction, we will limit ourselves forehmoment to pushdown automata that only use
certain limited types of transitions; we call such autonfatample”, and define them as follows.
Definition 4 A pushdown automaton = (Q,V,s, F,T) is simpleif every transitionp 08 qgeT
satisfies the following:

1. q#s;
2. ifp=s,thena = a = A and|5| = 1; and

3. Ifp # s, then|a| = 1 and|g| < 2.

In other words, a simple pushdown automaton must begin @rechy pushing a single symbol onto
the stack, and never reenter its start state; furthermoesch subsequent step it removes one symbol from
the stack and replaces it with at most two symbols. Thesgediiohs make it easier to construct a grammar
to recognize the language accepted by the PDA:



Constructing a CFG from a simple PDA
Let M = (Q,V,s,F,T) be a simple PDA. Then the equivalent gramma€is= (N, S, R)
where

o N={S}U{By | B VU{A}, p,q € Q}.

e R contains the following rules:

. AA/A
- S — Ayy for each transition of the form WA q € T and eachf € F.

. A/B
- A, — aB,, for every transitiorp a4/ g € T and everyy € Q.

iy A/BB
— A, — aBg, B, for every transitiorp “4/5

- Ay, — Afor each statg.

g and every pair of stateg ¢'.

We now prove the main lemma for the correctness of this coctsbn.

Lemma4 LetM = (Q,V,s, F,T) be a simple PDA and' = (N, S, R) be constructed from/ as above.
Thenforanyd € N U {A}andp € Q \ {s}, (p,w, A) —3}, (g, A, A) iff A,y =" w.

Proof. We will prove each direction separately.
(=): Suppos€p, w, A) —* (g, A, A). We will show A4,,, =* w by induction on the number of steps in
the computation.

Base caseThe computation takes zero steps,,p = ¢, w = A and A = A. But by construction,
the grammai contains the rulé\,, — A; henced,, = A,, =" A = w.

Induction step: Suppose this direction of the lemma holds for computatidismgth less tham,
and that(p, w, A) —* (¢, A, A) in n steps. There are two cases, depending on the type of toansiti
used in the first step of the computation (we note that by aggamp # s).

Case 1:The first step is of the fornip, aw’, A) — (p/,w’, A"), wherew = aw’, a € ¥ U {A},

A’ € VU{A} and the transitiop a.A/d p’isinT'. The remainder of the computation therefore

hasn — 1 steps and the fornfy’, w’, A") —* (¢, A, A); by the induction hypothesis}’, =~
w’. By construction, the gramma¥ contains the ruled,, — aA;,q, so we have a derivation
Apg = ady, =" aw' = w.

Case 2:The first step is of the fornfp, aw’, A) — (p',w’, A1 As) wherew = aw’, a € X U{A},

. AJAAy L
A1, Ay € V and the transitionp “ /A1 A p' is in T. Because the PDAV is simple, we

can separate the remainder of the computation into two parfinding p”, w1, wo such that
w' = wjwy and:

(p/7w17A1) " (p//7A7A) and (p//7w27A2) = (q7A7A) (*)

where the total number of steps in both of these computaions— 1. (This is a nontrivial
consequence of simplicity whose proof we are eliding righe.h By construction, the gram-
mar must have the ruld,, — aA;, Az, using the induction hypothesis, we can form a
derivation:

qu = aAlp’p”A2p”q =% awlAgp//q =% awiwy = aw/ =w



In either case, we have found a derivationdf, =* w, which is what we needed.

(«<): Supposed,,; =* w. We will show (p, w, A) —* (¢, A, A) by induction on the number of steps in
the derivation. Note that the derivation must have at leaststep, sincel,, is a nonterminal butv € >*.

Base case:The derivation has one step. The only rules witlon the right-hand side are those of
the formA,, — A. In this case we havel = A w = A andp = ¢; hence trivially (p, w, A) =
(¢, A, A) =" (g, A A).

Induction step: The derivation has steps where, > 1. Suppose this direction of the lemma holds
for derivations with fewer than steps. There are two cases to consider:

Case 1:The rule used in the first step is of the forty, — aB,,; this means thab = aw’ and
there is a derivation aB,,, =" v’ in n — 1 steps. By the induction hypothes{g;, v’, B) —*
(¢, A, A). Moreover, by the construction of the grammar the PRAmust have the transition
p “A/B p'; using this transition we get

(p,w, A) = (p,aw’, A) = (p',w', B) =" (¢, A, A)

Case 2: The rule used in the first step is of the foty, — aB,;Cy;, w = aw’ and there is
a derivation ofB,,Cy, =* w’ with n — 1 steps. It follows that there must be some way to
expressw’ aswjws So that there are derivations &, =* w; andCy, =* ws with fewer
thann — 1 steps each. By the induction hypothegisw,, B) —* (t,A, A) and(t, wa, C) —*
(¢, A, A); by Lemma 1 this first result implie, wyws, BC) —* (t,ws,C). Moreover, by the
construction of the grammak/ must have the transition - A4/B0 r; using this, we get:

(p,w, A) = (p,aw’, A) — (r,w', BC) = (r,wiwz, BC) —* (t,ws,C) —* (q,A, )

In either case, we have constructed an execufipmw, A) —* (¢,A,A) in M, which is what we
needed.

Since we have shown both directions of the equivalence, maf fis complete.
Q.E.D.

As before, the correctness result follows easily from thasmiemma.
Lemma5 Let M be a simple pushdown automaton. TH&M/) is context-free.

Proof: Construct the grammaF = (N, S, R) from M as described above. We claim th&i&) = L(M),
which meansC(M ) is context-free. We’'ll show inclusion in both directions.
(S): Supposeav € L(G), i.e. there is a derivatiord =* w in G. The first rule used in the derivation

must be one of the forld — A, for some statg and final statef; the remaining steps form a derivation of

Agr = w. By Lemma4(q,w, A) —* (f, A, A) By construction, the PDA/ has the transition AA/A q;

hence
(87 w7A) = (q7 'LU,A) ’_)* (f? A7A)

wheref is final. By definition, themw € L(M).
(2) Supposew € L(M); this means for some final stafe (s, w,A) —* (f,A,A). BecauseM is
simple, the first step in this execution must Bew, A) — (¢, w, A) for some state; and stack symbol
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A and the rest of the execution gives w, A) —* (f,A,A). By Lemma 4,4,y =* w; moreover, by
construction the grammar contains the rélle- A,y; thusS = A,y =" w.
Q.E.D.

In order to show that the language acceptedivy pushdown automaton is context-free, we must show
that for any PDA there is aimple PDA that accepts the same language. Constructing such a #bét i
difficult, but we will not go into the formal details. The bagteps of the construction are:

1. Create a new start stateand a new final stat¢’ (final states of the original PDA become nonfinal).

Choose a new stack symbol the PDA does not already use#3and add the transitions AATE S

A#/A , .
and f #/ f’ for each final statg of the original PDA.
2. Remove each transition of the forpnaﬂ? g where|3| > 1, and create new intermediate states

connected by transitions that push the charactefsaie at a time. For example, = by - - - b,,:

aA/by AAby AN by_y AA /by,
p — r — - — 7T —

q

n—1

a7a/

3. Remove each transition il g wherep # s and|a| > 1, and create new intermediate states
connected by transitions that pop the characters @fie at a time.
.. a,A\/B . .. a,b/Bb . .
4. Replace each transitign —= ¢ with transitionsp ~—— ¢ for every stack symbd, including #.

The simple pda created by this construction operates byplirshing the “bottom-of-stack markeg
onto its stack and entering the start state of the originag . RCthen simulates the original PDA, except that
it must push and pop stack symbols one at a time. If the ofi§iB&\ might have reached a final state with
an empty stack, the simple PDA can reach that same state mlith#oon the stack; it can then pop tkg
leaving the stack empty, and move to the new final state.



