
First-Order Logic

These notes are aboutclassical �rst-order logic, also known asclassical predicate calculus, also known as
the predicate calculusor simply�rst-order logic or FOL.

Predicates

In propositional logic, the only ways we knew about to put build new statements out of old ones were the
connectiveŝ , _ , � and: . This leaves out a very important feature of language, namely the notion of a
propertyor apredicate. It is only after formalizing the idea of a predicate that we can add the quanti�ers8
and9 to our logic.

In propositional logic, we could model statements such as:

� The setf ag is a regular language.

� The setf ag is a context-free language.

Let P stand for the �rst of these statements andQ for the second. Both are propositions. Unfortunately,
propositional logic completely fails to capture the fact that the meanings of these statements are related in
any way (except insofar as they both happen to be true). Once we have let one letter stand for the �rst
statement and another letter stand for the second statement, they no longer have anything in common.

It is debatable whether the statement:

Every regular language is a context-free language.

is a proposition or not. Many authors say no, because propositional logic cannot capture the notion of
“every”. I say this might as well be considered a proposition(after all, propositional logic does not exactly
“capture” the notion of “language” or “is”, either), so longas we remember that from the point of view of
propositional logic it isatomic. We must refrain from looking at its internal structure and forget that it has
anything in common with sentences like the two examples above.

So whatdo these three statements have in common? If we rephrase the third one to

Anything that is a regular language is a context-free language.

then we can see that they are linked by the ideas expressed by

� “ is a regular language,” and

� “ is a context-free language.”

These ideas — which I will usually express by sentences with holes, or blanks, or placeholders in them — are
calledpredicates.The predicates above, like many that arise in mathematical discussions, are descriptive.
Predicates occurring in everyday conversation often describe actions, possession, or states of being. In fact,
you probably recall from studying English grammar that the sentence

John ate a sandwich.

can be decomposed into itssubject, “John”, and itspredicate, “ate a sandwich.” Any predicate in this
linguistic sense can be a predicate for the purposes of logic.
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Syntax

The formal syntax of �rst-order logic is made up of two syntactic classes of expressions. Expressions that
stand for statements are calledformulas, as they were in the propositional calculus. In predicate logic,
however, we also have expressions that stand for “things”. Expressions of this latter sort are calledterms;
the “things” they stand for are calledobjectsor individuals.

Formulas

As with propositional logic, the formulas of �rst-order logic are de�ned inductively. A formulaA is either:

� An atomic formula of the form P(t1; : : : ; tk ). HereP is a predicate symbol,which represents a
predicate, andt1; : : : ; tk are terms. The formulaP(t1; : : : ; tk ) represents the statement asserting that
the predicate (represented by)P holds of (the objects represented by)t1; : : : ; tk .

We will use upper-case letters from the latter part of the alphabet, such asP, Q andR, as predicate
symbols, and we will assume that any given predicate symbol (say,P) has a particular numberk,
called itsarity, such thatP is always applied to exactlyk terms. A predicate (or predicate symbol)
of arity k is said to bek-ary. Predicates of arity zero are fully-formed propositions for which no
arguments need to be speci�ed; they are analogous to the atomic propositions of propositional logic.
The predicates discussed in the examples given earlier are all 1-ary; predicates of arity2 and higher
representrelationsbetween individuals.

Unary is a synonym for1-ary; binary for 2-ary; ternary for 3-ary; andquaternaryfor 4-ary.

� A negation (: A), disjunction (A _ B ), conjunction (A ^ B ) or implication (A � B ) constructed from
smaller formulas just as in propositional logic.

� A universally quanti�ed formula of the form8x:A or an existentially quanti�ed formula of the form
9x:A , whereA is a formula. (Remember that the letterA stands for a formula, which may be an
atomic formula, a negation, a conjunction,etc.) Thex in each of these formulas is avariable; variables
range over individuals and can appear in terms, as we shall see.

Different authors disagree over the precedence ordering between the connectives and quanti�ers. My
preferred order is:

� : binds tightest.

� ^ and_ bind equally tightly and associate to the left. Thus: A ^ B _ C means(( : A) ^ B ) _ C.

� � binds less tightly than the preceding three and associates to theright; thusA ^ B � C � D _ E
means(A ^ B ) � (C � (D _ E)) .

� 8 and9 bind least tightly of all: the “body” of a quanti�ed statement extends “as far as possible,”i.e.
to the next unmatched right parenthesis (`)') or the end of the formula. Thus

8x:P (x) � 9 y:Q(x; y) ^ 8 z:Q(x; z) � R(y; z)

means
8x:(P(x) � 9 y:(Q(x; y) ^ 8 z:(Q(x; z) � R(y; z)))) :
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In my opinion this ordering results in the fewest parentheses in common cases.
Unfortunately, many other authors insist, among other things, that8 and9 should have the same syntactic

precedence as: . Thus for them,8x:P (x) � Q(x) means(8x:P (x)) � Q(x), which is not the same
statement at all.

Terms

As mentioned earlier, the expressions in �rst-order logic that represent individual objects are calledterms.
The terms have very simple syntactic structure, de�ned inductively as always. A termt is either:

� A variable, such asx. (We will use lower-case letters from the end of the alphabetas variables.)

� A function application of the formf (t1; : : : ; tk ). Here the letterf is afunction symbol, andt1; : : : ; tk

are terms. As for predicate symbols, we assume each functionsymbol has a �xed arity (in this case
k). 0-ary function symbols, which take no arguments, simply stand for a �xed individual and are
therefore calledconstants.We will use lower-case letters from the beginning of the alphabet (a, b,
c,. . . ) for constants and letters likef , g andh for function symbols of positive arity.

Examples

If we let a be a constant representing the setf ag whose sole element is the string “a” (“ a” the constant
and “a” the character are not necessarily the same thing and shouldprobably be typeset in different fonts),
and if we let the predicate symbolsR andCF represent “. . . is a regular language” and “. . . is a context-free
language” respectively, then the �rst three examples of propositions above are represented by:

� R(a).

� CF (a).

� 8 x: R(x) � CF (x).

To represent “John ate a sandwich,” we need a constantjohn, a unary predicate symbolSandwich
representing “ is a sandwich,” and a binary predicate symbolAte representing “ ate .” Then the
desired formula is:

9x: Sandwich(x) ^ Ate(john; x):

Note that to make this example readable, we used words ratherthan single letters as predicate and function
symbols; in addition, the �rst letters of these words do not come from the parts of the alphabet we have set
aside for predicate symbols and constants. Let us adopt the convention that short words, or abbreviations,
or groups of words without spaces, can serve as predicate symbols and function symbols. It will always be
clear from context which of these syntactic roles a particular word is playing, but to avoid confusion let us
agree that function symbols shall always consist only of lower-case letters and that predicate symbols shall
always begin with a capital letter. We must also be careful toremember that the particular letters we choose
to represent a predicate (or function) in formulas have nothing to do with the meaning of the predicate (or
function); they serve only as a reminder of the meaning we intend to give them.

A more important thing to note is that the inde�nite article “a” in “a sandwich” forced us to use an
existential quanti�er. This is because the sentence “John ate a sandwich” is deliberately nonspeci�c as to
which of the many sandwiches in the world John ate. If the statementin question had been “John atethe
sandwich,” then it might have been safe to assume that there was some term, call itt , that stood for the
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particular sandwich under discussion; the formula would then have beenAte(john; t).1 As it is, however,
we know no more than that there issomesandwich of which it is the case that John ate it; thus we need an
existential statement.

Free and Bound Variables

[THIS SECTION YET TO BE WRITTEN]

Substitution

[THIS SECTION YET TO BE WRITTEN, EXCEPT. . . ]

For any formulaA, variablex and termt, let A[t=x] denote the capture-avoiding substitution oft for free
occurrences ofx in A. For any termss andt and variablex, t[s=x] denotes the substitution (there is no
possibility of capture) ofs for occurrences ofx in t.

Interpretations

We must now address the question of what formulas of �rst-order logic “mean”. In propositional logic, the
only part of a formula's meaning that it made sense to care about was itstruth value,that is, whether it was
true or false. Truth values are important to us in �rst-orderlogic as well, but they are not the primary notion
of meaning anymore.

In propositional logic, all we could know about an atomic proposition P was whether it was true or
false. In �rst-order logic, our atomic propositions have some more structure. Consider the atomic �rst-order
formula:

P(t1; : : : ; tk )

This formula, although atomic in the sense that it is not madeup of smaller formulas, does have some
observable structure: it namesk objects and asserts that a certain predicate holds of them. It would make
sense to de�ne the “meaning” of this formula by specifying what objects the termst1 throughtk denote, and
specifying whatrelation the predicateP denotes. If those objects are in fact related by that relation, we can
say the formula is true; otherwise it is false.

The key to giving meanings to �rst-order formulas, therefore, is giving denotations for terms and speci-
fying the relations that predicate symbols stand for.

De�nition 1 Anstructureconsists of a nonempty setA (called theuniverseor thecarrier) together with a
mapping[[� ]]A from predicate and function symbols to their meanings, where:

� For any predicate symbolP of arity k, [[P]]A is a function fromA k to truth values. (Put other ways,
[[P]]A � A k , or [[P]]A is a k-place relation onA .)

� For any function symbolf of arity k, [[f ]]A is a function fromA k to A .

In order to give a meaning for a formula that has free variables in it, we must additionally specify
meanings for those variables. We take care of that separately from the predicates and functions.

De�nition 2 LetA be a structure. Anassignmentin A is a function� from variables to elements ofA .

1If there is a termt that is known to stand for John's sandwich, then the formulaSandwich(t) is probably already in evidence.

4



De�nition 3 An interpretation is a pair (A ; � ) whereA is a structure and� is an assignment.

As a matter of notation, if� is an assignment, then for any variablex and termt we let� [x 7! t] denote
the assignment� 0de�ned by

� 0(x) = t
� 0(y) = � (y) for y 6= x:

Given a termt and an interpretation(A ; � ), we de�ne thedenotationof t, written [[t]]A ;� , recursively as
follows:

� For variablesx, [[x]]A ;� = � (x).

� For function applications,[[f (t1; : : : ; tk )]]A ;� = [[ f ]]A ([[t1]]A ;� ; : : : [[tk ]]A ;� ):

We can now de�ne the truth value ofF with respect to(A ; � ), written [[F ]]A ;� recursively as follows:

� For atomic formulas,[[P(t1; : : : ; tk )]]A ;� = [[ P]]A ([[t1]]A ; : : : ; [[tk ]]A ).

� For negations, disjunctions, conjunctions and implications, truth values are computed from the truth
values of the component formulas as in propositional logic.

� For universally quanti�ed formulas,

[[8x:B ]]A ;� =
�

tt if for everya 2 A ; [[B ]]A ;� [x7! a] = tt
� otherwise:

� For existentially quanti�ed formulas,

[[9x:B ]]A ;� =
�

tt if for somea 2 A ; [[B ]]A ;� [x7! a] = tt
� otherwise:

If [[F ]]A ;� = tt , then we writeA j= � F . If it is the case thatA j= � F for every possible assignment� ,
then we simply writeA j= F . In particular, ifF is closed, then� is irrelevant: eitherA j= � F for every
possible� or for no� . In the former case, we writeA j= F and say that the structureA is amodelof F . A
formula that has at least one model issatis�able; a formula with no models isunsatis�able; a formula for
which everystructure is a model isvalid.

Example In this example,L is a binary predicate symbol,z is a constant, ands andp are unary function
symbols. De�ne an interpretation by choosing the integersZ as the universeA and setting:

� [[L ]]A (m; n) = tt iff m � n.

� [[z]]A = 0 .

� [[s]]A (n) = n + 1 .

� [[p]]A (n) = n � 1.

Using this interpretation, we have the following:
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� [[s(z)]]A ;� = 1 for any� . For closed terms, we will write[[� ]]A instead of[[� ]]A ;� since� is irrelevant.

� [[sn (z)]]A = n.

� [[pn (z)]]A = � n.

� A j = 8x:L (x; s(x)) . (For anyn, n � n + 1 .)

� A j = 8x:L (p(x); x). (For anyn, n � 1 � n).

� A j = 8x:L (x; x ). (For anyn, n � n.)

� A j = 8x:L (x; p(s(x))) ^ L (p(s(x)) ; x). (For anyn, n � n + 1 � 1 andn + 1 � 1 � n.)

� A j = 8x8y:L(x; y) � (L (s(x); s(y)) ^ L (p(x); p(y))) .
(For anym andn, if m � n thenm + 1 � n + 1 andm � 1 � n � 1.)

Some Lemmas About Interpretations

Lemma 1 If F andG are congruent, then for any interpretationA ; � , [[F ]]A ;� = [[ G]]A ;� .

Proof: Very painful, and beyond our scope since we have not given a formal enough de�nition of congru-
ence.

Lemma 2 If x =2 FV (F ), then for any structureA and any two assignments� 1 and� 2 where� 1(y) = � 2(y)
whenevery 6= x, [[F ]]A ;� 1 = [[ F ]]A ;� 2 .

Proof: Straightforward by induction onF . We omit the details.

Lemma 3 In the following, letA be a structure,� an assignment,x a variable andt a term, and de�ne

� 0 = � [x 7! [[t]]A ;� ]:

1. For any terms, [[s[t=x]]]A ;� = [[ s]]A ;� 0.

2. For any formulaF , [[F [t=x]]]A ;� = [[ F ]]A ;� 0.

Proof of (1): By induction ons.

Case 1:s is a variable. There are two sub-cases.

Subcase 1a:s = x. Then
[[s]]A ;� 0 = [[ x]]A ;� 0

= � 0(x)
= [[ t]]A ;�

= [[ x[t=x]]]A ;�

= [[ s[t=x]]]A ;� :
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Subcase 1b:s = y wherey is a variable other thanx. Then

[[s]]A ;� 0 = [[ y]]A ;� 0

= � 0(y)
= � (y)
= [[ y]]A ;�

= [[ y[t=x]]]A ;�

= [[ s[t=x]]]A ;� :

Case 2:s = f (s1; : : : ; sk ). Then[[s]]A ;� 0 = [[ f ]]A ([[s1]]A ;� 0; : : : ; [[sk ]]A ;� 0):

By the induction hypothesis,[[si ]]A ;� 0 = [[ si [t=x]]]A ;� . So we have

[[s]]A ;� 0 = [[ f ]]A ([[s1[t=x]]]A ;� ; : : : ; [[sk [t=x]]]A ;� 0)
= [[ s[t=x]]]A ;�

Q.E.D. (1)

Proof of (2): The proof is by induction onF . The case whereF is atomic is a lot like the case for function
applications in part (1), proved above. The cases for^ , _ , : and� are all simple, so we omit them. The
hard cases are for quanti�ed formulas. To keep things simple, we'll assume that none of the free variables
in t are bound by any quanti�ers inF , so we do not have to worry aboutt 's free variables being captured by
the substitutionF [t=x].

Case:F = 8z:C. There are two subcases.

Sub-case 1: If x and z are two different variables, thenF [t=x] = 8z:(C[t=x]). So, re-
calling the de�nition of [[� ]] for universal formulas, we need to show that for anyv 2 A ,
[[C[t=x]]]A ;� [z7! v] = [[ C]]A ;� 0[z7! v]. But sincex 6= z,

� 0[z 7! v] = � [x 7! [[t]]A ;� ][z 7! v] = � [z 7! v][x 7! [[t]]A ;� ]

Therefore, by the induction hypothesis,[[C[t=x]]]A ;� [z7! v] = [[ C]]A ;� 0[z7! v] as desired.

Sub-case 2:If z = x, thenF = 8x:C and so no occurrences ofx in C are free. ThusF = C.
This means it suf�ces to show that for anyv 2 A , [[C]]A ;� [x7! v] = [[ C]]A ;� 0[x7! v]. But

� 0[x 7! v] = � [x 7! [[t]]A ;� ][x 7! v] = � [x 7! v]

by the de�nition of the[� 7! � ] notation. Thus, trivially,[[C]]A ;� [x7! v] = [[ C]]A ;� 0[x7! v].

Case:F = 9z:C. The reasoning is identical to that for8.

Q.E.D. (2)
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If � is a set (or a list) of formulas, then we sayA j= � � if A j= � F for eachF in � . Clearly, it follows
thatA j= � if and only if A j= F for eachF in � . The termsmodel, satis�able andunsatis�able are de�ned
for sets (or lists) of closed formulas just as for single formulas.

If every A and� such thatA j= � � also givesA j= � C, then we write� j= C and say that the formula
C is avalid consequenceof the formulas in� or that� entailsC, just as in propositional logic.

Most of the lemmas and theorems having to do with validity andentailment in propositional logic
generalize to �rst-order logic. Here are some new ones.

Theorem 1

1. If j= C, thenj= 8x:C .

2. If j= 8x:C , thenj= C[t=x] for any termt.

3. If j= C[t=x], thenj= 9x:C .

4. If j= 9x:C andC j= D andx =2 FV (D), thenj= D .

Proof:

1. Supposej= C, and let(A ; � ) be any interpretation. We must show thatA j= � 8x:C . By de�nition,
that means we must show that for anyu 2 A , A j= � [x7! u] C. But this follows from our assumption
that j= C.

2. Supposej= 8x:C . This means that forany interpretation(A ; � ) we haveA j= � 8x:C . By de�nition
this means that for anyv 2 A, A j= � [x7! v] C.

So to show thatj= C[t=x], let (B; � ) be any interpretation; we must show thatB j= � C[t=x]. But
we know thatB j= � [x7! [[t ]]B ;� ] C from the previous paragraph. Thus by Lemma 3,B j= � C[t=x] as
desired.

3. Supposej= C[t=x], and let(A ; � ) be any interpretation. We must show thatA j= � 9x:C , that is, that
there is somev 2 A such thatA j= � [x7! v] C.

We know thatA j= � C[t=x] from our assumption. By Lemma 3,A j= � [x7! [[t ]]A ;� ] C. Thus, setting
v = [[ t]]A ;� , we have what we wanted to show.

4. Supposej= 9x:C andC j= D andx =2 FV (D), and let(A ; � ) be any interpretation. We must show
A j= � D. Well, we know thatA j= � 9x:C ; by de�nition, this means there is somev such that
A j= � [x7! v] C. BecauseC j= D , this means thatA j= � [x7! v] D. But since� and� [x 7! v] agree on
all variables other thanx, Lemma 2 givesA j= � D as desired.

Q.E.D.
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First-Order Natural Deduction

In our study of propositional logic, we de�ned a formalized notion of “proof” by giving a set of inference
rules (in particular, the system known asnatural deduction). We saw that the truth-assignment-based en-
tailment relationj= and the proof-theoretic deduction relation` were equivalent; furthermore, they were
decidable.

Arguably, there is little need for a formal proof system in a logic as simple as the propositional calculus.
After all, the validity or invalidity of a given formula or entailment can be determined in an organized way by
constructing a truth table and considering all possible assignments of truth values to propositional variables.
Furthermore, the structure of the proof of completeness of propositional natural deduction makes it clear
that the same kind of meta-logical reasoning that goes on when �lling in a truth table can be mirrored, in a
way, by proofs within the logic that “consider all possible cases.”

In the �rst-order case, there is a much stronger case to be made for formalizing proof. Now that our
basic de�nitions of validity and entailment involve structures, it is no longer possible to directly verify that
a formula is valid by checking “all possible” assignments oftruth values to atoms. We have to consider all
possible universes (i.e., all sets, �nite and in�nite), all possible assignments of meanings to predicate and
function symbols, and all possible assignments of values tovariables. Doing this in a mechanical way is
hopeless.

We can, however, come up with a set of sound rules of inferencethat we can use to deduce valid
consequences from sets of assumptions. As in the propositional case, we will try to construct these rules in
a natural way, that is, so that they mirror as closely as possible the way we reason ourselves when doing
mathematics. Generalizing our natural deduction system for propositional logic, we get natural deduction
for �rst-order logic.

Assumptions and Free Variables

When we get around to stating soundness and completeness results for our �rst-order proof theory, we will
want to be able to summarize them as:

For any list of formulas� and any formulaA, � ` A if and only if � j= A.

That means that the interpretation of free variables in a judgment of the form� ` A must be consistent with
the meanings given to free variables in the model-theoreticstatement “� j= A”. Remember that “� j= A”
means that any interpretation(A ; � ) that satis�es� also satis�esA. To put this another way, it means that
for any structureA it is the case that for any assignment� such thatA j= � � we also haveA j= � A.

To be consistent, the meaning of� ` A must be that there exists a deduction ofA from � that is sensible
for anyassignment of meanings to the free variables of� andA. To be more careful about this, it would be
nice to change the syntax of the` judgment so that it is explicit about what variables are implicitly quanti�ed
this way. We will not bother to do this, but as a result we will have to be very careful in how we deal with
variables in deductions.

Inference Rules

We begin with the inference rules of propositional logic, which we carry over unchanged to the �rst-order
case.

(A 2 �)
� ` A

(HYP )
� ; A ` B

� ` A � B
(� I ) � ` A � B � ` B

� ` B
(� E)
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� ` A � ` B
� ` A ^ B

(^ I ) � ` A ^ B
� ` A

(^ E1) � ` A ^ B
� ` B

(^ E2)

� ` A
� ` A _ B

(_I 1) � ` B
� ` A _ B

(_I 2)
� ` A _ B � ; A ` C � ; B ` C

� ` C
(_E)

� ; A ` B � ; A ` : B
� ` : A

(: I ) � ` A � ` : A
� ` C

(: E) � ` :: A
� ` A

(RAA )

Now we must add introduction and elimination rules for the quanti�ers. The rules for universally quan-
ti�ed formulas are:

� ` A[y=x] (y =2 FV (�))
� ` 8 x:A

(8I ) � ` 8 x:A
� ` A[t=x]

(8E)

The introduction rule is probably easier to read if we consider it bottom-up. It says that if we wish to prove
8x:A under assumptions� , then we must pick a new variabley that is not mentioned in our assumptions
(i.e., a variable we're not “already using” to stand for something else) and proveA[y=x]. Of course, if
x =2 FV (�) , then we can simply proveA[x=x], that is,A.

The elimination rule says that if we know8x:A , then we can conclude thatA holds with whatever term
we like substituted forx.

The rules for existentially quanti�ed formulas are:

� ` A[t=x]
� ` 9 x:A

(9I )
� ` 9 x:A � ; A[y=x] ` B (y =2 FV (� ; B ))

� ` B
(9E)

The 9-introduction rule is straightforward; ifA is a formula that containsx free, then it states that if we
know thatA is true with some particular term in place ofx, then we can conclude9x:A . (This is essentially
8E rule upside-down, just as the_I rules are essentially thêE rules upside-down.)

The9-elimination rule, like the8-introduction rule, has some potentially confusing conditions regarding
free variables. It states that if we know9x:A , then we canusethat fact to prove some other formulaB if we
pick a variabley that we haven't used yet (and that does not occur inB ) to stand for the object of whichA
holds, and addA[y=x] to the assumptions we use to proveB .

Why musty not occur free inB ? Well, for one thing, ify occurred free inB but not in � , then the
conclusion� ` B would seem to mean thatB held for any value ofy whatsoever. That conclusion would
be completely unjusti�ed, for the premise only says thatB is true if A[y=x] is. There may, in fact, be only
oney in the entire universe for whichB holds.

Example: ` (8x:P (x; x )) � 8 x:9y:P(x; y).

8x:P (x; x ) ` 8 x:P (x; x )
(HYP )

8x:P (x; x ) ` P(x0; x0)
(8E)

8x:P (x; x ) ` 9 y:P(x0; y)
(9I )

8x:P (x; x ) ` 8 x:9y:P(x; y)
(8I )

` (8x:P (x; x )) � 8 x:9y:P(x; y)
(� I )

Note that the use of the8I rule renamesx to x0 (that is,x0 plays the role of they in the rule);x0 plays the
role of the termt in the uses of9I and8E. Of course, it was not strictly necessary to renamex, since all
the occurrences ofx on the left-hand side of thè were bound.
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Big Results

[THIS SECTION YET TO BE WRITTEN, EXCEPT...]

Theorem 2 (Soundness of First-Order Natural Deduction)For any set of formulas� and any formula
A, if � ` A then� j= A.

Proof Sketch: Similar to the propositional case: prove the soundness of each inference rule in isolation; it
follows by induction that any provable entailment is valid.
End of Sketch.

Theorem 3 (Gödel's Completeness Theorem)For any set of formulas� and any formulaA, if � j= A
then� ` A.

Proof Sketch: There is more than one way to prove this theorem. The main lemma is that any set of
formulas� from which it isnot possible to derive a contradiction has a model. (Veryrougly speaking, this
model can be found by taking as the universe the set of all terms whose existence can be proven from� and
interpreting predicate symbols so that[[P]](t ) = tt exactly whenP(t) is among the formulas derivable from
� .) After proving this, suppose� j= A. Then(� ; : A) cannot possibly have a model, so by the lemma it
must be possible to derive a contradiction from(� ; : A). In particular, there must be some formulaB such
that� ; : A ` B and� ; : A ` : B . By the: I rule, � ` :: A; by theRAA rule, � ` A.
End of Sketch.

Gödel is much better known for hisIncompleteness Theorems. Fortunately for mathematics, the systems
provedincompleteare not �rst-order logic itself; rather, it is proved that certain sets of assumptions(or
axioms) are insuf�cient to prove all true theorems about theentities they are supposed to model. When this
is put together with the Completeness Theorem for the logic in which the proofs happen, something very
interesting results, hinted at in the second of the two following Corollaries.

Corollary 1 A nonempty set of formulas� has a model if and only if there exists some formulaF such that
� 6`F .

Proof:
(( ) We'll prove the contrapositive. Suppose� has no model. Then vacuously� j= F for every formula

F . By completeness, then,� ` F for all F .
() ) If � has a modelA , then for an arbitraryF 2 � we haveA j= F ; thusA 6j= : F , so we conclude

that� 6j= F . By soundness,� 6`F .
Q.E.D.

Corollary 2 If neither F nor : F can be deduced from� , then� has a modelA such thatA j= F and a
modelB such thatB j= : F , and conversely.

Proof: Note that the formula(F � : F ) � : F is provable with no assumptions, so by Weakening it is
deducible from� . This means that� 6`F � : F (since otherwise� ` : F by the� E rule), and therefore
� ; F 6` :F (since otherwise� ` F � : F by the� I rule). Thus(� ; F ) has a model, which is theA we
want.

By a similar argument,(: F � F ) � F is deducible from� (theRAA rule is used in this derivation),
and we can conclude from this that� ; : F 6`F . Thus(� ; : F ) has a model that is theB we want.
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For the converse, suppose that(� ; F ) has a modelA . Then clearlyA 6j= : F and hence� 6j= : F . By
soundness,� 6` :F . Similarly, if (� ; : F ) has a model then� 6`F .
Q.E.D.

Gödel's FirstIncompleteness Theorem states that, for the case where� is a canonical set of axioms
describing the natural numbers, there exists anF such that neitherF nor : F is provable from� . By this
Corollary, therefore, any system of axioms invented to describe the natural numbers also describes equally
well some structuresother thanthe natural numbers, and the only theorems we can hope to prove about
numbers are those that apply toall such structures. These structures are callednonstandard models, and
further discussion of them lies well beyond our scope.

Theorem 4 (Recursive Enumerability) The set of derivable judgments� ` A is recursively enumerable.
Equivalently, the set of pairs(� ; A) such that� j= A is recursively enumerable. Equivalently, for any� the
set of valid consequences of� is recursively enumerable.

Proof Sketch: It is not hard to design a Turing machine to enumerate all possible derivations; the yields
of these derivations are all the derivable judgments. The equivalence of enumerating valid consequences
comes from Soundness and Completeness.
End of Sketch.

Theorem 5 (Undecidability) It is undecidable, given� andA, whether� j= A. Equivalently, it is unde-
cidable whether� ` A.

Proof Sketch: With a little work, it is possible to describe the operation of a Turing machine with a set of
�rst-order formulas. Consequently, for any Turing machineM there is a �rst-order formula that is valid if
and only ifM halts on the empty tape, and an algorithm can construct that formula givenhM i . Thus any
algorithm capable of deciding validity could be used to solve the Halting Problem.
End of Sketch.
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Automated Deduction: Resolution

Now that we have formalized the notion of a statement (mathematical or otherwise), and developed formal,
not to say mechanistic, rules for deducing formulas from other formulas, it is reasonable to ask whether
computers can be any help at all to us in searching for proofs.We've already seen that provability is
undecidable,2 so technically we cannot hope to be able to feed a set of axiomsand a purported theorem
into a computer program and eventually get either a proof or an assurance that none exists. On the other
hand, the set of provable judgments is recursively enumerable: wecanwrite a program that, given a set of
axioms and a purported theorem, will output a proof if one exists and run forever (or run out of memory)
if not. The algorithm we described in the proof of recursive enumerability worked by enumerating all
possible derivations in the system of natural deduction; unfortunately, this turns out to be a very inef�cient
search strategy. In this section and the next, we will look atsome more practical approaches to automated
reasoning.

The �rst strategy we will consider isresolution,a well-known and time-honored automated reasoning
method for �rst-order logic. Resolution essentially improves on the idea of enumerating provable conse-
quences of a set of axioms by (1) restricting the syntax so that all the formulas under consideration have
very similar structure, and (2) using only a single inference rule, called the resolution rule. This considerably
simpli�es the task of �nding all derivable consequences of an initial knowledge base.

Clauses

De�ne a clauseto be a closed formula of the form:

8x1 : : : 8xk :((A1 ^ � � � ^ Am ) � (B1 _ � � � _ Bn ))

where eachA i andB j is an atomic formula. Any variable that appears in a clause isbound by a universal
quanti�er whose scope includes all theA's andB 's. To save space, we will dispense with writing the8's,
^ 's, � and_ 's and write the entire clause above as

A1; : : : ; A ` ! B1; : : : ; Bn :

Examples:

� The statement “All people are mortal”, represented by the formula8x:(Person(x) � Mortal (x)) , is
represented by the clausePerson(x) ! Mortal (x).

� The statement “Every person is either male or female” is represented by the clause

Person(x) ! Male(x); Female(x):

Some formulas are not clauses. With a little manipulation, however, we can turn a formula into asetof
clauses, possibly making up some new function symbols in theprocess. For example, the statement “Every
person has both a mother and a father”, normally representedby the formula

8x:(Person(x) � ((9y:Mother (y; x)) ^ 9 z:Father (z; x))) ;

2Technically, we've only established this for the case wherethe set of axioms is �nite. If it is in�nite, say, if it includes
all formulas, then consequence can be decidable. However, for the sets ofaxioms we usually want to use (Peano's axioms for
numbers, the Zermelo-Fraenkel axioms for sets), provability is undecidable.
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is not a clause as it stands. There are two problems. The �rst is the^ on the right-hand side of the� ; we
solve this by splitting the sentence into two:

8x:(Person(x) � (9y:Mother (y; x))) and 8x:(Person(x) � (9z:Father (z; x)))

The other problem is the existential quanti�ers. To get rid of these, we introduce new function symbolsm
(for “mother of”) andf (for “father of”) and write the two clauses

Person(x) ! Mother (m(x); x) and Person(x) ! Father (f (x); x):

The functionsm andf are calledSkolem functions,and the process of introducing them is calledSkolem-
ization. Using Skolemization and other tricks, we can transform any formula into a set of clauses.

The Resolution Rule — Propositional Case

Consider two clausesA1; : : : ; Am ! B1; : : : ; Bn andA0
1; : : : ; A0

k ! B 0
1; : : : ; B 0

` . If we assume for the
moment that neither clause has any variables in it, these clauses are equivalent to the formulas

(A1 ^ � � � ^ Am ) � (B1 _ � � � _ Bn ) and (A0
1 ^ � � � ^ A0

k) � (B 0
1 _ � � � _ B 0

` )

respectively. Now, suppose that some atomC appears both among theB 's and among theA0's. That is,
suppose the formulas look like

(A1 ^ � � � ^ Am ) � (B1 _ � � � C � � � _ Bn ) and (A0
1 ^ � � � C � � � ^ A0

k ) � (B 0
1 _ � � � _ B 0

` )

Then we are justi�ed in drawing from these two clauses the conclusion

(A1 ^ � � � ^ Am ^ A0
1 ^ � � � ^ A0

k ) � (B1 _ � � � _ Bn _ B 0
1 _ � � � _ B 0

` )

where we have removed both occurrences ofC. This conclusion follows because, if theA's all hold and
all the remainingA0's hold, then we know from the �rst clause that either (a) one of the remainingB 's
holds, or (b)C holds, in which case one of theB 0's holds by the second clause. This pattern is the core
of resolution; indeed, if we were working in propositional logic rather than �rst-order logic, we would just
have discovered the (proposition)resolution rule:

A1; : : : ; Am ! B1; : : : ; Bn C1; : : : ; Cp ! D1; : : : ; D r (B i = Cj )
A1; : : : ; Am ; C1; : : : ; Cj � 1; Cj +1 ; : : : ; Cp ! B1; : : : ; B i � 1; B i +1 ; : : : ; Bn ! D1; : : : ; D r

This rule alone is enough to derive many (but not all!) valid consequences of a set of assumptions.

Example: Consider the following set of clauses.

f Raining ! DriveToWork ; � ! Raining ; WalkToWork
WalkToWork ! WearSunglasses; WearSunglasses; LoseSunglasses! �g

Note that we use� to represent the empty list of formulas. By convention, an empty conjunction is considered
to be always true, and an empty disjunction is considered to be always false. Thus clause of the form
� ! B1; : : : ; Bk simply assertsB1 _� � �_ Bk ; a clause of the formA1; : : : ; Ak ! � asserts: (A1 ^� � �^ Ak).
The clause� ! � is a contradiction; if we can ever derive it, we know our set ofassumptions was inconsistent.
Thus we can translate the list of clauses above as:
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1. If it is raining, I will drive to work.

2. Either it is raining, or I will walk to work. (In other words: if it is not raining, then I will walk to
work.)

3. If I walk to work, I will wear my sunglasses.

4. Not (I will wear my sunglasses and I will lose my sunglasses). (In other words: If I wear my sun-
glasses, then I will not lose my sunglasses.)

If we throw in the one additional clause� ! LoseSunglasses(I lost my sunglasses), then we can conclude
� ! Raining . Here's how:

1. Resolve� ! LoseSunglasseswith WearSunglasses; LoseSunglasses! � to obtainWearSunglasses! � .
(I must not have worn my sunglasses.)

2. ResolveWearSunglasses! � with WalkToWork ! WearSunglassesto getWalkToWork ! � .
(I must not have walked to work.)

3. Resolve� ! Raining ; WalkToWork with WalkToWork ! � to obtain� ! Raining .

The Resolution Rule — First-Order Case

Consider two clauses representing the formulas

8x1 : : : 8xk((A1 ^ � � � ^ A ` ) � (B1 _ � � � _ Bm )) and 8y1 : : : 8yn((C1 ^ � � � ^ Cp) � (D1 _ � � � _ D r )) :

Assume that thex's andy's are all distinct variables. If someB i and someCj happen to be the same atomic
formula, then as in the propositional case we can conclude

8x1 : : : 8xk8y1 : : : 8yk : ((A1 ^ � � � ^ A ` ^ C1 ^ � � � Cj � 1 ^ Cj +1 � � � Cp)
� (B1 _ � � � B i � 1 _ B i +1 � � � _ Bm _ D1 _ � � � _ D r )) .

But there are opportunities to draw conclusions even when the atoms involved in the resolution are not
precisely the same. To take a classic example, consider:

Person(x) ! Mortal (x) and � ! Person(socrates):

We ought to be able to resolve these to get� ! Mortal (socrates). But how? Well, remember that the
variablex in the �rst clause is implicitly universally quanti�ed. That means that if we substitute any term for
x in that clause, the resulting clause will be true. In particular, if we apply the substitution[x 7! socrates],
we getPerson(socrates) ! Mortal (socrates) as an instance of the �rst clause; we can then resolve this
with the second clause to get the inevitable result.

Sometimes things are a bit more complicated. For example, consider the clauses:

Food(x) ! Likes(sally; x) and Likes(y; cheese) ! Admires(bob; y):

(“Sally likes all foods” and “Bob admires anyone who likes cheese.”) It should follow from this that
Food(cheese) ! Admires(bob; sally). But why? Well, in this case, to make the clauses match up we
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need to substitute for both thex in the �rst clause and they in the second clause. If we apply the substitution
[x 7! cheese; y 7! sally] to both clauses, we get

Food(cheese) ! Likes(sally; cheese) and Likes(sally; cheese) ! Admires(bob; sally):

These two clauses can then be resolved to get “If cheese is a food, then Bob admires Sally.”

Of course, in general there may be several variables in both clauses that need to be substituted for in
order to make two atoms match. Given two formulasA andB , a substitution� such that� (A) = � (B ) is
called auni�er of A andB ; if such a� exists, we sayA andB areuni�able.

The general rule for �rst-order resolution performs substitution and resolution all in one step:

A1; : : : ; Am ! B1; : : : ; Bn C1; : : : ; Cp ! D1; : : : ; D r (� (B i ) = � (Cj ))
� (A1; : : : ; Am ; C1; : : : ; Cj � 1; Cj +1 ; : : : ; Cp ! B1; : : : ; B i � 1; B i +1 ; : : : ; Bn ! D1; : : : ; D r )

Most General Uni�ers

Technically, the resolution rule just given can useany substitution� that uni�es someB i and someCj .
There may be in�nitely many such substitutions. For example, any substitution� for which � (x) = � (y)
will unify P(x; y) andP(y; x); however, if we need to make these two atoms match up for resolution, we
should use a uni�er like[x 7! z; y 7! z], wherez is a variable that does not occur anywhere else.

Why is this the right idea? Well, it turns out that[x 7! z; y 7! z] is themost general uni�erof P(x; y)
andP(y; x).

De�nition 4 LetA andB be two formulas. If� is a uni�er of A andB such that for any other uni�er� of
A andB there exists subsitution� such that� (A) = � (B ) = � (� (A)) , then we say� is themost-general
uni�er of A andB .

It turns out that any two formulas that are uni�able have a most-general uni�er, and that we can �nd this
uni�er with a fairly simple algorithm (which we will not discuss). (The process of testing for uni�ability and
�nding a most-general uni�er is calleduni�cation .) Furthermore, if two clausesC1 andC2 can be resolved
using some uni�er� to get the clauseC0, then if we resolve them using the most-general uni�er� instead,
then the result will be a formulaC00from whichC0can be obtained by substitution later if necessary.

A Complete Resolution Algorithm

It turns out that the resolution rule alone is not enough to derive all valid consequences of a given set of
clauses. (For example,A ! A is a valid consequence of the empty set of assumptions, but resolution needs
to have at least two assumptions in order to proceed.) Something slightly different, however, is true:

Theorem 6 If K is aninconsistentset of clauses, then there exists a sequence of resolution steps that derives
the contradictory clause� ! � from K .

Corollary 3 � j= A if and only if there is a sequence of resolution steps that derives� ! � from a set of
clauses equivalent to(� ; : A).

As a result of this corollary, we can prove that the followingalgorithm semi-decides provability:
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Resolution(� ,A) = // � ` A?
Convert(� ; : A) to a list of clausesK .
Repeat forever:

Choose two clausesC andD from K such that some atom on the right ofC is
uni�able with some atom on the left ofD .

Apply the resolution rule using the most general uni�er of those atoms.
If the resulting clause is� ! � , halt and report success.
Otherwise, add the resulting clause toK .

Of course, this is only the skeleton of an algorithm. To make it practical, we would have to address a
few more things, such as:

� How to convert sets of formulas into sets of clauses.

� How to choose pairs of resolvable formulas.
(This includes both �nding resolvable pairs ef�ciently andchoosing pairs that are likely to lead to a
contradiction quickly.)

� How to compute most general uni�ers.

� How to avoid adding exponentially many useless clauses toK .

� How to deal with in�nite sets of axioms such as those needed for reasoning about equality, numbers
or set theory.

In the end, resolution is one of the simplest automated reasoning methods to describe and one of the most
widely known, but the “proofs” it produces are not understandable by humans. If generating human-readable
proofs is desirable, other methods may be better.
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Automated Deduction: Sequent Calculus

Gerhard Gentzen, the logician who coined the term “natural deduction” (in German), also popularized a
related, but different, set of formal rules for deduction called thesequent calculus.Sequent calculi (that
is, Gentzen's sequent calculus, variations on it, and systems like it designed for other logics than classical
predicate logic) serve many purposes in different areas of formal logic: they can be used to prove the
consistency of natural deduction-like systems without using model theory; they show up in proofs of Gödel's
Completeness Theorem; and, most importantly for our purposes, they are very useful in designing automated
theorem provers.

So, let us take a look at the classical �rst-order sequent calculus and see how it can guide us toward
practical automated deduction systems.

Sequents

A sequentis a judgment of the form
� = ) �

where� and� are sets3 of formulas. The sequent� = ) � is intended to mean thatif all of the formulas in
� are true,then it follows thatat least oneof the formulas in� is true. (In this sense, a sequent is similar
in structure to a clause of the kind used in resolution; the main difference is that the formulas in the sets�
and� to not have to be atomic.)

If � is empty, then we have the sequent� =) � , which simply asserts that at least one of the formulas
in � is true. If � is empty, then we have� = ) � , which asserts that the set� is inconsistent. If both are
empty, we have� =) � , which is contradictory and (because the sequent calculus is sound) not derivable.

Inference Rules

Like natural deduction, the sequent calculus has rules for each logical connective. Unlike the rules of natural
deduction, however, which are partitioned intointroduction andelimination rules(plus two rules that are
neither), the rules of the sequent calculus are divided intoleft andright rules according to whether they act
primarly on� or � , respectively.

There is one rule that is neither a right rule nor a left rule, called theinitial sequentrule:

� ; A =) A; �
(init )

An initial sequent is one where some formula occurs both on the left and on the right; this rule tells us that
such a sequent is automatically true.

The right rule for conjunction (̂R) is similar in character to thêI rule of natural deduction, but also
illustrates a key difference from natural deduction:

� = ) A; A ^ B; � � = ) B; A ^ B; �
� = ) A ^ B; �

(^ R)

As with all of the rules of sequent calculus, the^ R rule is best understood bottom-up. It says that if we wish
to proveA ^ B (or something in� ), then we must prove bothA (or something in� ) andB (or something

3Some authors de�ne them to be lists, rather than sets, and then have to deal with the fact that order and repetition seem to
matter but don't.
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in � ). The principal formulaA ^ B is kept around in the premises; this does not affect how well the rules
work, but the aesthetic reason for it will become clear as we go on.

The left rule for conjunction essentially just uses the factthat the left side of a sequent is basically a big
conjunction anyway:

� ; A ^ B; A; B =) �
� ; A ^ B =) �

(^ L )

This rule says that if we have an assumption ofA ^ B available for use in proving� , then we may “extract”
assumptions ofA andB and use those as well.

At this point the distinction between right rules and left rules is clear; both kinds of rules, if read bottom-
up, show how to “decompose” an occurrence of some connectivein the sequent we wish to prove. The right
rules decompose a “goal” into “subgoals”, while the left rules allow the use of an assumption by “extracting”
some information from it.

The rules for disjunction are the following:

� = ) A; B; A _ B; �
� = ) A _ B; �

(_R)
� ; A _ B; A =) � � ; A _ B; B =) �

� ; A _ B =) �
(_L )

The_R rule simply says that to proveA _ B (or something in� ), it suf�ces to proveA or B (or something
in � ). The_L rule is similar to the_E rule of natural deduction in that it allows reasoning by cases. If
something in� follows from � andA, and something in� follows from � andB , then something in�
follows from � ; A _ B . Notice the cool symmetry, or “duality”, witĥ : the^ L rule is the same as the_R
rule, and thê R rule is the same as the_L rule!

Notice as well that this allows some slight weirdness: the formula in � that results ifA is true and the
one that results ifB is true do not have to be the same one; however, either way it isthe case that “something
in � is true.” This means that we cannot interpret� ) � as meaning, “There is something in� that follows
from � .” Rather, it must mean, “It follows from� that something in� is true.”

The rules for implication are:

� ; A =) B; A � B; �
� = ) A � B; �

(� R)
� ; A � B =) A; � � ; A � B; B =) �

� ; A � B =) �
(� L )

The � R rule is kind of like the� I rule of natural deduction in that we can proveA � B by assuming
A and provingB . However, we also have another choice: we can use our assumption of A to prove that
something in� must hold. This weirdness is akin to what we saw in the_L rule. The� L rule says that if
we have an assumption ofA � B available, we can make use of it by provingA and then using the resulting
knowledge ofB to prove something in� .

Example: � =) A _ (A � B ).

A =) B; A; A � B; A _ (A � B )
(init )

� =) A; A � B; A _ (A � B )
(� R)

� =) A _ (A � B )
(_R)

End of Example.
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The rules for negation look kind of like those for implication, except that theB is “missing”:

� ; A =) : A; �
� = ) : A; �

(: R)
� ; : A =) A; �

� ; : A =) �
(: L )

These rules say simply that if we see: A among the formulas on the right, we should addA to the formulas
on the left; if we see it on the left, we should addA to the formulas on the right. The justi�cation for these
may be easier to understand by reading them top-down: suppose we have found that an assumption ofA
together with� entails that either: A or something in� is true. If : A follows from (� ; A), then(� ; A) is
inconsistent and so vacuously entails(: A; �) or anything else. If something in� follows from(� ; A), then
it must be the case thateithersomething in� is trueor A is not true,i.e. : A is true. A similar argument
explains the left rule.

The rules for the quanti�ers have the same kind of symmetry asthe ones for conjunction and disjunction:

� = ) A[y=x]; 8x:A; � ( y fresh)
� = ) 8 x:A; �

(8R)
� ; 8x:A; A [t=x] =) �

� ; 8x:A =) �
(8L )

� = ) A[t=x]; 9x:A; �
� = ) 9 x:A; �

(9R)
� ; 9x:A; A [y=x] =) � ( y fresh)

� ; 9x:A =) �
(9L )

(In the side conditions of these rules, “y fresh” means “y does not occur free in� , � or A.”) To prove
a universal statement, or use an existential statement, we choose a fresh name for the variable. To use a
universal statement, or prove an existential statement, we�nd a term to substitute for the variable.

Interestingly, it is critical that the quanti�ed formulas in the8L and9R rules be present in the premise
of those rules as well as the conclusion. In the case of8L , this is easy to understand: we may need to use our
knowledge of8x:A many times by plugging in many different values forx. In the case of9R, the reason
is less obvious. reading bottom up,9R represents choosing the value ofx for which we will proveA; by
keeping9x:A around, we retain the option of “changing our mind” and proving A for a different value ofx
instead. This turns out to be important, as the following example illustrates.

Example: In a bar, there exists a person such that if she is drinking, then everyone is drinking. That is,
9x:(P(x) � 8 y:P(y)) .

P(X ); P(y1) =) P(y1); 8y:P(y) : : :
(init )

P(X ) =) P(y1); P(y1) � 8 y:P(y); : : :
(� R)

P(X ) =) P(y1); : : : ; 9x:(P(x) � 8 y:P(y))
(9R)

P(X ) =) 8 y:P(y); : : : ; 9x:(P(x) � 8 y:P(y))
(8R)

� =) P(X ) � 8 y:P(y); 9x:(P(x) � 8 y:P(y))
(� R)

� =) 9 x:(P(x) � 8 y:P(y))
(9R)

Notice how this proof, read bottom-up, initially picks a term X and sets out to proveA[X=x ], but later
changes course and provesA[y1=x] instead. Here is a proof of the same fact in natural deduction(to save
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space, letA = 9x:(P(x) � 8 y:P(y)) ):

D
: A; P (X ) ` :: P(y1)

: A; P (X ) ` P(y1)
(RAA )

: A; P (X ) ` 8 y:P(y)
(8I )

: A ` P(X ) � 8 y:P(y)
(� I )

: A ` A
(9I )

: A ` : A
` :: A

(: I )

` A
(RAA )

whereD =
E

: A; P (X ); : P(y1) ` A : A; P (X ); : P(y1) ` : A
: A; P (X ); : P(y1) ` P(y1)

(: E )
: A; P (X ); : P(y1) ` : P(y1)

: A; P (X ) ` :: P(y1)

whereE =

: A; P (X ); : P(y1); P(y1) ` P(y1) : A; P (X ); : P(y1); P(y1) ` : P(y1)
: A; P (X ); : P(y1) ` P(y1) � 8 y:P(y)

(: E )

: A; P (X ); : P(y1) ` 9 x:(P(x) � 8 y:P(y))
(9I )

In this natural deduction, we set out to establishA by proving :: A; this in turn is accomplished by
proving : A ` A. We start a direct proof ofA, but later decide to make use of the assumption: A by
contradicting it. In English:

Assume, for the purpose of deriving a contradiction, that there is no personx such that ifx is
drinking, then everyone is drinking. We shall attempt to prove that if Xavier is drinking, then
everyone is drinking, which will give a contradiction. So, suppose Xavier is drinking, and let
y1 be any other person in the bar. Ify1 is drinking, we are done. Ify1 is not drinking, then it is
the case that ify1 is drinking, then everyone is drinking. This contradicts our assumption that
no such person exists.

Aside: This proof is a so-called “nonconstructive” proof: it proves that something must exist by showing
it is contradictory to suppose it doesn't exist, but it doesn't actually tell how to �nd it. Of course, if there
are only �nitely many people in the bar we can just pick one (say Xavier), and if he is drinking, check that
everyone else is also drinking; if we �nd anyone who isn't, weimmediately realize we should have picked
that person instead of Xavier. If there are in�nitely many people in the bar, however, this strategy is not as
effective, leading some philosophers, logicians and mathematicians to consider non-constructive proofs less
satisfying than constructive ones.

Interestingly, we can eliminate all nonconstructive proofs simply by removing theRAA rule from natural
deduction; the result is calledconstructiveor intuitionistic logic. (Since the sequent calculus has noRAA
rule to remove, making sequent calculus intuitionistic requires a more fundamental structural change.) The
formula proved above is an example of one that is provable in classical logic but not in constructive logic; it
follows that the rules of constructive natural deduction are not complete with respect to the classical model
theory we have seen. How to de�ne a notion of model with respect to which constructive natural deduction
is complete is beyond the scope of these notes.
End of Aside.
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Example: � = ) C, where� = A � (B � C); A � B; A .

� = ) A
(init )

� ; B =) A
(init )

� ; B; B � C =) B
(init )

� ; B; B � C; C =) C
(init )

� ; B; B � C =) C
(� L )

� ; B =) C
(� L )

� = ) C
(� L )

Reading bottom-up, the �rst� L uses the assumptionA � B ; the second� L usesA � (B � C), and the
last usesB � C.

Equivalence to Natural Deduction

Sequent calculus, it turns out, is a sound and complete deduction system for �rst-order logic. This can be
proven directly, but showing that sequent calculus and natural deduction are equivalent is easier.

Theorem 7 (Soundness)If � = ) � then� `
W

� , where
W

� represents a disjunction of all the formulas
in � . It follows immediately that if� = ) A then� ` A.

Proof Sketch: Straightforward but tedious: prove that each rule of sequent calculus is sound with respect
to natural deduction, then use induction.
End of Sketch.

To prove that sequent calculus iscompleterequires a nontrivial lemma calledcut elimination.

Lemma 4 (Cut Elimination) If � 1 =) A; � 1 and� 2; A =) � 2, then� 1; � 2 =) � 1; � 2.

Proof: By a tricky nested induction. We omit the details.

The resemblance between the cut elimination lemma and the propositional resolution rule (discussed earlier)
is coincidental: resolution is a rule for drawing conclusions from assumptions, whereas cut elimination is a
fact about a set of rules, and not an obvious one since we have not yet proved those rules are complete!

Theorem 8 (Completeness)If � ` A, then� = ) A.

Proof Sketch: Like soundness, this involves a case-by-case consideration of all the rules; cut elimination
plays a key role in every case.
End of Sketch.

Rules Without Clutter

It is natural to wonder, when considering the^ L rule

� ; A ^ B; A; B =) �
� ; A ^ B =) �

(^ L )

whether theA ^ B in the premise is strictly necessary. Certainly the rule would still be sound without
it, in the sense that removing it would not allow anything to be proven that could not be proven already,
but perhaps it would interfere with some valid proofs, rendering some provable things unprovable. In fact
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this is not the case. ThêL rule, and several others, can be rewritten so that the formula they decompose
disappears as we move from conclusion to premises.

In particular, the following rules are just as good as the versions given earlier:4

� ; P(t1; : : : ; tk ) =) P(t1; : : : ; tk); �
(init 0)

� = ) A; � � = ) B; �
� = ) A ^ B; �

(^ R0)

� ; A; B =) �
� ; A ^ B =) �

(^ L 0)
� = ) A; B; �

� = ) A _ B; �
(_R0)

� ; A =) � � ; B =) �
� ; A _ B =) �

(_L 0)

� ; A =) B; �
� = ) A � B; �

(� R0)
� = ) A; � � ; B =) �

� ; A � B =) �
(� L 0)

� ; A =) �
� = ) : A; �

(: R0)
� = ) A; �

� ; : A =) �
(: L 0)

� = ) A[y=x]; � ( y =2 FV (� ; A; �))
� = ) 8 x:A; �

(8R0)
� ; A[y=x] =) � ( y =2 FV (� ; A; �))

� ; 9x:A =) �
(9L 0)

A few things to note: First, we can restrict the initial sequent rule so that it only applies to atomic
formulas. Any initial sequents in which the principal formula is not atomic can be proven using left and
right rules to break it down. Second, we cannot unclutter the8L or 9R rule, for reasons mentioned earlier.

Example: � =) : (A � : B ) � (A ^ B ).

A; B =) A
(init )

A; B =) B
(init )

A; B =) A ^ B
(^ R0)

A =) : B; A ^ B
(: R0)

� =) A � : B; A ^ B
(� R0)

: (A � : B ) =) A ^ B
(: L 0)

� =) : (A � : B ) � (A ^ B )
(� R0)

Note that this does not assumeA and B are atomic, so the newinit 0 rule does not apply to the initial
sequents in this derivation. The structure of the proof needed to prove those sequents without the oldinit
rule depends on the internal structure ofA andB which we have not speci�ed.
End of Example.

4I HAVE NOT ACTUALLY VERIFIED THIS .
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