First-Order Logic

These notes are abocifssical rst-order logig also known aslassical predicate calculysalso known as
the predicate calculusor simply rst-order logic or FOL.

Predicates

In propositional logic, the only ways we knew about to putidbuiew statements out of old ones were the
connectives*, , and: . This leaves out a very important feature of language, nathel notion of a
propertyor apredicate It is only after formalizing the idea of a predicate that vem @dd the quanti er§
and9 to our logic.

In propositional logic, we could model statements such as:
The seff ag is a regular language.
The seff ag is a context-free language.

Let P stand for the rst of these statements a@dor the second. Both are propositions. Unfortunately,
propositional logic completely fails to capture the fadttthe meanings of these statements are related in
any way (except insofar as they both happen to be true). Omrcbawe let one letter stand for the rst
statement and another letter stand for the second statetiheyino longer have anything in common.

It is debatable whether the statement:

Every regular language is a context-free language.

is a proposition or not. Many authors say no, because pridmasi logic cannot capture the notion of
“every”. | say this might as well be considered a proposifiafter all, propositional logic does not exactly
“capture” the notion of “language” or “is”, either), so lomg we remember that from the point of view of
propositional logic it isatomic We must refrain from looking at its internal structure anchgt that it has
anything in common with sentences like the two examples@bov

So whatdo these three statements have in common? If we rephrase ttettd to

Anything that is a regular language is a context-free laggua

then we can see that they are linked by the ideas expressed by

__lis aregular language,” and

“

__is a context-free language.”

These ideas — which | will usually express by sentences vatbdh or blanks, or placeholders in them — are
calledpredicates.The predicates above, like many that arise in mathematisalissions, are descriptive.
Predicates occurring in everyday conversation often deserctions, possession, or states of being. In fact,
you probably recall from studying English grammar that thetence

John ate a sandwich.

can be decomposed into issibject “John”, and itspredicate “ate a sandwich.” Any predicate in this
linguistic sense can be a predicate for the purposes of.logic



Syntax

The formal syntax of rst-order logic is made up of two syrtiaclasses of expressions. Expressions that
stand for statements are calle@mulas, as they were in the propositional calculus. In predicatédclog
however, we also have expressions that stand for “thinggpré&ssions of this latter sort are callems;

the “things” they stand for are calleabjectsor individuals.

Formulas

As with propositional logic, the formulas of rst-order lamgare de ned inductively. A formula is either:

An atomic formula of the formP (ty;:::;tx). HereP is apredicate symbolwhich represents a
predicate, andy;:::;tx are terms. The formulR (t1;:::;tx) represents the statement asserting that

the predicate (represented B®)holds of (the objects represented by): : : ; ti.

We will use upper-case letters from the latter part of théalyet, such aB, Q andR, as predicate
symbols, and we will assume that any given predicate syngaol, P) has a particular numbdy,
called itsarity, such thal is always applied to exactly terms. A predicate (or predicate symbol)
of arity k is said to bek-ary. Predicates of arity zero are fully-formed propositions \idhich no
arguments need to be speci ed; they are analogous to the@popositions of propositional logic.
The predicates discussed in the examples given earliellateasy; predicates of aritg and higher
representelationsbetween individuals.

Unary is a synonym fotl-ary; binary for 2-ary; ternary for 3-ary; andquaternaryfor 4-ary.

A negation ( A), disjunction A _ B), conjunction A~ B) or implication A  B) constructed from
smaller formulas just as in propositional logic.

A universally quanti ed formula of the forn8x:A or an existentially quanti ed formula of the form
9x:A, whereA is a formula. (Remember that the letigrstands for a formula, which may be an
atomic formula, a negation, a conjuncti@tc) Thex in each of these formulas is/ariable variables
range over individuals and can appear in terms, as we shall se

Different authors disagree over the precedence orderihgele® the connectives and quanti ers. My
preferred order is:

binds tightest.
A and_ bind equally tightly and associate to the left. Thus* B _ C meanq(: A)* B) _ C.

binds less tightly than the preceding three and associatd®tight; thusA*"B C D _E
meangA~ B) (C (D _E)).

8 and9 bind least tightly of all: the “body” of a quanti ed statemiegxtends “as far as possible.g.
to the next unmatched right parenthesis (°)") or the end effthmula. Thus

8x:P(x) 9 y:Q(xy)"8z:Q(x;z) R(y;z)

means
8x:(P(x) 9 y:(Q(xy)"8z:(Q(x;z) R(y;2):



In my opinion this ordering results in the fewest parentee@se&ommon cases.

Unfortunately, many other authors insist, among otheighithai8 and9 should have the same syntactic
precedence as. Thus for them8x:P (x) Q(x) means(8x:P (x)) Q(x), which is not the same
statement at all.

Terms

As mentioned earlier, the expressions in rst-order lodiattrepresent individual objects are caltedms.
The terms have very simple syntactic structure, de ned atigialy as always. A ternis either:

A variable, such ag. (We will use lower-case letters from the end of the alphalsetariables.)

are terms. As for predicate symbols, we assume each fungfimbol has a xed arity (in this case
k). O-ary function symbols, which take no arguments, simply dtbor a xed individual and are
therefore callecconstants. We will use lower-case letters from the beginning of the alt @, b,
c,...) for constants and letters like g andh for function symbols of positive arity.

Examples

If we let a be a constant representing the af) whose sole element is the string”“(* a” the constant
and “a” the character are not necessarily the same thing and sipooltdibly be typeset in different fonts),
and if we let the predicate symbd&sandCF represent “...is a regular language” and “. .. is a contese-f
language” respectively, then the rst three examples oppsitions above are represented by:

R(a).
CF(a).
8x:R(x) CF(x).

To represent “John ate a sandwich,” we need a congtdamt, a unary predicate symb&andwich
representing “_is a sandwich,” and a binary predicate symbBéé representing “ ate__.” Then the
desired formula is:

9x: Sandwich(x)  Ate (john;Xx):

Note that to make this example readable, we used words rhifuersingle letters as predicate and function
symbols; in addition, the rst letters of these words do notne from the parts of the alphabet we have set
aside for predicate symbols and constants. Let us adopbiiation that short words, or abbreviations,
or groups of words without spaces, can serve as predicatbagrand function symbols. It will always be
clear from context which of these syntactic roles a pardicword is playing, but to avoid confusion let us
agree that function symbols shall always consist only oflieease letters and that predicate symbols shall
always begin with a capital letter. We must also be carefubtoember that the particular letters we choose
to represent a predicate (or function) in formulas haveingtto do with the meaning of the predicate (or
function); they serve only as a reminder of the meaning wento give them.

A more important thing to note is that the inde nite articla™in “a sandwich” forced us to use an
existential quanti er. This is because the sentence “Jdbrassandwich” is deliberately nonspeci c as to
which of the many sandwiches in the world John ate. If the statemmeqgtiestion had been “John atee
sandwich,” then it might have been safe to assume that thasesame term, call it, that stood for the
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particular sandwich under discussion; the formula woukhthave bee#te (john;t).! As it is, however,
we know no more than that theresdemesandwich of which it is the case that John ate it; thus we naed a
existential statement.

Free and Bound Variables

[THIS SECTION YET TO BE WRITTEN

Substitution

[THIS SECTION YET TO BE WRITTEN EXCEPT. . .]

For any formulaA, variablex and termt, let A[t=x] denote the capture-avoiding substitutiont dér free
occurrences ok in A. For any termss andt and variablex, t[s=x] denotes the substitution (there is no
possibility of capture) o$ for occurrences of in t.

Interpretations

We must now address the question of what formulas of rseotdgic “mean”. In propositional logic, the
only part of a formula's meaning that it made sense to caretabas itstruth value,that is, whether it was
true or false. Truth values are important to us in rst-orltggic as well, but they are not the primary notion
of meaning anymore.

In propositional logic, all we could know about an atomic gweition P was whether it was true or
false. In rst-order logic, our atomic propositions haveremore structure. Consider the atomic rst-order
formula:

This formula, although atomic in the sense that it is not mapleof smaller formulas, does have some
observable structure: it namk&sobjects and asserts that a certain predicate holds of thiewould make
sense to de ne the “meaning” of this formula by specifyingatbbjects the terntg throught, denote, and
specifying whatelation the predicatd® denotes. If those objects are in fact related by that relatiee can
say the formula is true; otherwise it is false.

The key to giving meanings to rst-order formulas, therefois giving denotations for terms and speci-
fying the relations that predicate symbols stand for.

De nition 1 Anstructure consists of a nonempty s&t(called theuniverseor the carrier) together with a
mapping[ ]Ja from predicate and function symbols to their meanings, eher

For any predicate symbd? of arity k, [P]a is a function fromAK to truth values. (Put other ways,
[Pla A X or[P]a is ak-place relation omA.)

For any function symbdl of arity k, [f Ja is a function fromAX to A.

In order to give a meaning for a formula that has free varglnheit, we must additionally specify
meanings for those variables. We take care of that sepafadeh the predicates and functions.

De nition 2 LetA be a structure. Amssignmenin A is a function from variables to elements &f.

LIf there is a ternt that is known to stand for John's sandwich, then the forn8dadwich(t) is probably already in evidence.
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De nition 3 Aninterpretationis a pair (A; ) whereA is a structure and is an assignment.

As a matter of notation, if is an assignment, then for any variakland termt we let [x 7! t] denote
the assignment®de ned by
™) =t
W= (y) foryéx

Given a ternt and an interpretatiofA; ), we de ne thedenotationof t, written [t]a: , recursively as
follows:

For variable, [x]a: = (X).

For negations, disjunctions, conjunctions and impligaijcruth values are computed from the truth
values of the component formulas as in propositional logic.

For universally quanti ed formulas,

. ot if foreverya2 A; [B]a: x71ay = 1t
[8xBla; = otherwise

For existentially quanti ed formulas,

] ot if forsomea 2 A; [B]a: x71a7 = tt
[BxBla; = otherwise el

If [F]a. = tt, then we writeA j= F. Ifitis the case tha®\ j= F for every possible assignment
then we simply writeA j= F. In particular, ifF is closed, then is irrelevant: eitheA j= F for every
possible orforno . Inthe former case, we writ& j= F and say that the structude is amodelof F. A
formula that has at least one modekgtis able; a formula with no models iansatis able; a formula for
which everystructure is a model igalid.

Example In this examplel is a binary predicate symbd,is a constant, and andp are unary function
symbols. De ne an interpretation by choosing the integeess the universé and setting:

[LTa(m;n) = ttiff m n.

[z]a = 0.
[sla(n) = n+1.
[pla(n)=n 1.

Using this interpretation, we have the following:



[s(z)]a: =1 forany . For closed terms, we will writg Ja instead off Ja: since isirrelevant.
[s"(2)]a
[P"(2)]a = n.

Aj= 8xiL(x;s(x)). (Foranyn,n n+1.)

n.

Aj= 8xL(p(x);x). (Foranyn,n 1 n).
Aj= 8x:L(x;x). (Foranyn,n n.)
Aj= 8x:L(x;p(s(x)) » L(p(s(x));x). (Foranyn,n n+1 Jlandn+1 1 n.)

Aj=8x8y:L(xy) (L(s(x);s(y)) ™ L(p(X);p(¥)))-
(Foranym andn,ifm nthenm+1 n+landm 1 n 1)

Some Lemmas About Interpretations

Lemma 1l If F andG are congruent, then for any interpretatigx; , [F]Ja: = [Gla: -

Proof: Very painful, and beyond our scope since we have not givemmagbenough de nition of congru-
ence.

Lemma2 If x 2 FV (F), then for any structuréd and any two assignments and , where 1(y) = 2(y)
whenevey 6 X, [Fla: , =[Fla: ,-

Proof: Straightforward by induction ok . We omit the details.

Lemma 3 In the following, letA be a structure, an assignment a variable andt a term, and de ne
O= [x 7! [tla; 1:
1. For any terms, [s[t=x]]a: =1[S]a: o.
2. For any formulaF, [F[t=x]la: =[F]a: o

Proof of (1): By induction ons.
Case 1:sis a variable. There are two sub-cases.

Subcase las = x. Then
[sla; o= [X]a; o
= Ax)
[t]a:
= [x[t=x]]a;
= [s[t=x]]a; :



Subcase 1bs = y wherey is a variable other thax. Then

I[S]IA s

[yla; o

Ay)

(y)
=[yla;
[y[t=x]la;
= [slt=x]]a; :

= [s[t=x]la;

Q.E.D. (1)

Proof of (2): The proof is by induction ofr . The case wherE is atomic is a lot like the case for function

applications in part (1), proved above. The cases‘for,: and are all simple, so we omit them. The

hard cases are for quanti ed formulas. To keep things simptll assume that none of the free variables
in t are bound by any quanti ers iR, so we do not have to worry abous free variables being captured by

the substitutior [t=x].

Case:F = 8z:C. There are two subcases.

Sub-case 1:If x andz are two different variables, theR[t=x] = 8z:(C[t=x]). So, re-
calling the de nition of [ ] for universal formulas, we need to show that for any2 A,
[Clt=x]lA; [z71v] = [Cla: oz71j- Butsincex € z,

0[z 7"wvl= X7 [tla: iz 7' vl= [z 7! V][x 7! [t]a: ]

Therefore, by the induction hypothes[&[t=X]]a: z71v] = [Cla: qz71v] @s desired.

Sub-case 2:If z = x, thenF = 8x:C and so no occurrences »fin C are free. Thug = C.
This means it suf ces to show that for amy2 A, [C]a: x71v] = [Cla; ox71v)- But

X7t vl= X7 [tla: IIX 7' V= [x 7! V]
by the de nition of the[ 7! ] notation. Thus, trivially[C]a. x71vj = [Cla; ox71v-
Case:F = 9z:C. The reasoning is identical to that f8r

Q.E.D.(2)



If is aset (or alist) of formulas, then we sAyj= if Aj= F foreachF in . Clearly, it follows
thatAj= ifandonlyifA j= F foreachF in . The termsnodel| satis able andunsatis able are de ned
for sets (or lists) of closed formulas just as for single falas.

If every A and such thatA j= also givesA j= C, then we write | C and say that the formula
C is avalid consequencef the formulas in or that entailsC, just as in propositional logic.

Most of the lemmas and theorems having to do with validity anthilment in propositional logic
generalize to rst-order logic. Here are some new ones.

Theorem 1
1. If F C, thenF 8x:C.
2. If  8x:C, thenF CJt=x] for any termt.
3. If g C[t=x], thenE 9x:C.
4. If g 9x:C andC E D andx 2 FV (D), thenF D.

Proof:

1. Supposg= C, and let(A; ) be any interpretation. We must show ti#aj= 8x:C. By de nition,
that means we must show that for amp A, A j= 71, C. But this follows from our assumption
thatE C.

2. Supposé= 8x:C. This means that foanyinterpretation(A; ) we haveA j= 8x:C. By de nition
this means that forany2 A, Aj= 71 C.

So to show thal= C[t=x], let (B; ) be any interpretation; we must show that= C[t=x]. But
we know thatB F [x71[t1,. | C from the previous paragraph. Thus by Lemma&3f C[t=x] as
desired.

3. Supposé= C[t=x], and let(A; ) be any interpretation. We must show tihaj= 9x:C, that is, that
there is some 2 A such thatA j= ;71 C.

We know thatA j= C[t=x] from our assumption. By Lemma 3, j= x711q1.. 1 C. Thus, setting
v =[t]a: , we have what we wanted to show.

4. Supposg= Ix:.C andC F D andx 2 FV (D), and let(A; ) be any interpretation. We must show
A j= D. Well, we know thatA j= 9x:C; by de nition, this means there is somesuch that
A j= x7v C. Because&C F D, this means thah j= y71y) D. Butsince and [x 7! v] agree on
all variables other thar, Lemma 2 give®\ j= D as desired.

Q.E.D.



First-Order Natural Deduction

In our study of propositional logic, we de ned a formalizedtion of “proof” by giving a set of inference
rules (in particular, the system known @aatural deductiop We saw that the truth-assignment-based en-
tailment relation= and the proof-theoretic deduction relationwere equivalent; furthermore, they were
decidable.

Arguably, there is little need for a formal proof system imgit as simple as the propositional calculus.
After all, the validity or invalidity of a given formula or éailment can be determined in an organized way by
constructing a truth table and considering all possiblegagsents of truth values to propositional variables.
Furthermore, the structure of the proof of completenessrggsitional natural deduction makes it clear
that the same kind of meta-logical reasoning that goes omwligg in a truth table can be mirrored, in a
way, by proofs within the logic that “consider all possibkeses.”

In the rst-order case, there is a much stronger case to beerf@mdformalizing proof. Now that our
basic de nitions of validity and entailment involve struegs, it is no longer possible to directly verify that
a formula is valid by checking “all possible” assignmentgrath values to atoms. We have to consider all
possible universes.¢., all sets, nite and in nite), all possible assignments of amings to predicate and
function symbols, and all possible assignments of valuagati@bles. Doing this in a mechanical way is
hopeless.

We can, however, come up with a set of sound rules of inferéineewe can use to deduce valid
consequences from sets of assumptions. As in the propwdittase, we will try to construct these rules in
a natural way, that is, so that they mirror as closely as possible the wareason ourselves when doing
mathematics. Generalizing our natural deduction systerpriapositional logic, we get natural deduction
for rst-order logic.

Assumptions and Free Variables

When we get around to stating soundness and completenedts fes our rst-order proof theory, we will
want to be able to summarize them as:

For any list of formulas and any formul2A, ~ Aifandonlyif F A.

That means that the interpretation of free variables in grjueht of the form ~ A must be consistent with
the meanings given to free variables in the model-theosttitement “ F A”. Remember that* F A”
means that any interpretatigi\; ) that satis es also satis esA. To put this another way, it means that
for any structuréA it is the case that for any assignmerguch thatA j=  we also havéA = A.

To be consistent, the meaning of A must be that there exists a deductiorAdrom that is sensible
for anyassignment of meanings to the free variables ahdA. To be more careful about this, it would be
nice to change the syntax of thgudgment so that it is explicit about what variables are ioify quanti ed
this way. We will not bother to do this, but as a result we wdl/h to be very careful in how we deal with
variables in deductions.

Inference Rules

We begin with the inference rules of propositional logic,iethwe carry over unchanged to the rst-order
case.

A2 . N N N
( \A) (HYP) \,A B A B B



A "B /A TAMNB A CAMNB A
A ‘B "A_B AC B°C
7‘A_B(—I1) 7‘A_B(—Iz) e (_E)
A°B ;A : B A A A
A G e (: E) — (RAA)

Now we must add introduction and elimination rules for thamfuers. The rules for universally quan-
ti ed formulas are:

A= ZFVO) g, 8 xA
"8 x:A T A[t=x]

(8E)

The introduction rule is probably easier to read if we coesitibottom-up. It says that if we wish to prove
8x:A under assumptions, then we must pick a new variabjethat is not mentioned in our assumptions
(i.e., a variable we're not “already using” to stand for somethifgeland proveA[y=x]. Of course, if
x 2 FV () , then we can simply provA[x=x], that is,A.

The elimination rule says that if we knoBx:A, then we can conclude thAtholds with whatever term
we like substituted fox.

The rules for existentially quanti ed formulas are:

T A[t=X] ol "O9x:A  A[y=x]" B (yZFV( ;B))
"9 XA (1) "B

(9E)

The 9-introduction rule is straightforward; i\ is a formula that containg free, then it states that if we
know thatA is true with some particular term in placexgfthen we can concludex:A . (This is essentially
8E rule upside-down, just as thd rules are essentially tHeE rules upside-down.)

The9-elimination rule, like theé-introduction rule, has some potentially confusing caods regarding
free variables. It states that if we kn@x:A , then we camsethat fact to prove some other formuaif we
pick a variabley that we haven't used yet (and that does not occu )rio stand for the object of which
holds, and add\ [y=x] to the assumptions we use to prde

Why musty not occur free irB? Well, for one thing, ify occurred free irB but not in , then the
conclusion ~ B would seem to mean th& held for any value of whatsoever. That conclusion would
be completely unjusti ed, for the premise only says tBais true if A[y=x] is. There may, in fact, be only
oney in the entire universe for whicB holds.

Example: = (8x:P (x;x)) 8 x:9y:P(X;y).

8x:P (x;x) ~ 8 x:P (x;X) (HYP)

8x:P (x;x) ~ P(Xo;Xo) (E;Ili)
8x:P (x;x) " 9Vy:P(Xp;y) ( 8I)
8x:P (x;x) " 8 x:9y:P(x;y) ( () N

T (Bx:P(x;x)) 8 x:9y:P(x;y)

Note that the use of th@l rule renames to X (that is,xq plays the role of the in the rule);xq plays the
role of the ternt in the uses 0Bl and8E. Of course, it was not strictly necessary to renamsince all
the occurrences of on the left-hand side of the were bound.
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Big Results

[THIS SECTION YET TO BE WRITTEN EXCEPT..]

Theorem 2 (Soundness of First-Order Natural Deduction)For any set of formulas and any formula
A,if ~ Athen FE A.

Proof Sketch: Similar to the propositional case: prove the soundnessalf edierence rule in isolation; it
follows by induction that any provable entailment is valid.
End of Sketch.

Theorem 3 (Godel's Completeness Theorem)or any set of formulas and any formulaA, if F A
then ~ A.

Proof Sketch: There is more than one way to prove this theorem. The main knsnthat any set of
formulas from which it isnot possible to derive a contradiction has a modekryrougly speaking, this
model can be found by taking as the universe the set of alld@rhose existence can be proven fronand
interpreting predicate symbols so thjt](t) = tt exactly wherP (t) is among the formulas derivable from
.) After proving this, suppose E A. Then( ;: A) cannot possibly have a model, so by the lemma it
must be possible to derive a contradiction from: A). In particular, there must be some form@asuch
that ;: A Band ;: A : B.Bythe: | rule, ":: A;bytheRAA rule, ~ A.
End of Sketch.

Godel is much better known for hiscompleteness Theorems. Fortunately for mathematicsygteras
provedincompleteare not rst-order logic itself; rather, it is proved thatrtan sets of assumption®r
axioms) are insuf cient to prove all true theorems aboutéhéties they are supposed to model. When this
is put together with the Completeness Theorem for the lagwhich the proofs happen, something very
interesting results, hinted at in the second of the two ¥alhg Corollaries.

Corollary 1 A nonempty set of formulashas a model if and only if there exists some fornfulauch that
6'F.

Proof:

(( ) We'll prove the contrapositive. Supposéhas no model. Then vacuously= F for every formula
F. By completeness, then,” F forall F.

() )If has amodeh, then for an arbitrarfr 2 we haveA j= F; thusA 6 : F, so we conclude
that 6j F. By soundness, 6°F.
Q.E.D.

Corollary 2 If neitherF nor: F can be deduced from, then has a modelA such thatA j= F and a
modelB such thaB F : F, and conversely.

Proof: Note that the formuldF : F) : F is provable with no assumptions, so by Weakening it is
deducible from . This meansthat 6'F : F (since otherwise " : F bythe E rule), and therefore
;F 6 :F (since otherwise ~ F : F bythe | rule). Thus( ;F) has a model, which is th& we
want.
By a similar argument(: F F) F is deducible from (the RAA rule is used in this derivation),
and we can conclude from this that: F 6'F. Thus( ;: F) has a model that is th& we want.
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For the converse, suppose tljat F) has a modeRA. Then clearlyA 6; : F and hence 6 : F. By
soundness, 6 :F. Similarly, if ( ;: F) has a model then 6°F.
Q.E.D.

Godel's Firstincompleteness Theorem states that, for the case whésea canonical set of axioms
describing the natural numbers, there exist$-asuch that neitheF nor: F is provable from . By this
Corollary, therefore, any system of axioms invented to dieedhe natural numbers also describes equally
well some structuresther thanthe natural numbers, and the only theorems we can hope te pitoout
numbers are those that applydth such structures. These structures are calle@astandard modelsand
further discussion of them lies well beyond our scope.

Theorem 4 (Recursive Enumerability) The set of derivable judgments™ A is recursively enumerable.
Equivalently, the set of pairs ;A) such that | A is recursively enumerable. Equivalently, for anyhe
set of valid consequences ofs recursively enumerable.

Proof Sketch: It is not hard to design a Turing machine to enumerate alliplesderivations; the yields
of these derivations are all the derivable judgments. Thevatgnce of enumerating valid consequences
comes from Soundness and Completeness.

End of Sketch.

Theorem 5 (Undecidability) It is undecidable, given andA, whether F A. Equivalently, it is unde-
cidable whether ~ A.

Proof Sketch: With a little work, it is possible to describe the operatidradruring machine with a set of
rst-order formulas. Consequently, for any Turing machMethere is a rst-order formula that is valid if
and only ifM halts on the empty tape, and an algorithm can construct ¢hiatuia givenhM i. Thus any
algorithm capable of deciding validity could be used to ediwe Halting Problem.

End of Sketch.
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Automated Deduction: Resolution

Now that we have formalized the notion of a statement (madttiead or otherwise), and developed formal,
not to say mechanistic, rules for deducing formulas froneofermulas, it is reasonable to ask whether
computers can be any help at all to us in searching for prov¥e've already seen that provability is
undecidablé, so technically we cannot hope to be able to feed a set of axirdsa purported theorem
into a computer program and eventually get either a proohoassurance that none exists. On the other
hand, the set of provable judgments is recursively enunerake canwrite a program that, given a set of
axioms and a purported theorem, will output a proof if onestsxand run forever (or run out of memory)
if not. The algorithm we described in the proof of recursiveimerability worked by enumerating all
possible derivations in the system of natural deductiofpninmately, this turns out to be a very inef cient
search strategy. In this section and the next, we will lookaaihe more practical approaches to automated
reasoning.

The rst strategy we will consider isesolution, a well-known and time-honored automated reasoning
method for rst-order logic. Resolution essentially impes on the idea of enumerating provable conse-
guences of a set of axioms by (1) restricting the syntax soathahe formulas under consideration have
very similar structure, and (2) using only a single infeende, called the resolution rule. This considerably
simpli es the task of nding all derivable consequences ofiaitial knowledge base.

Clauses
De ne aclauseto be a closed formula of the form:
8x1::8xk:((AL N Am) (Bi_ _ Bp))

where eaclA; andB; is an atomic formula. Any variable that appears in a claus®isd by a universal
guanti er whose scope includes all t#eés andB's. To save space, we will dispense with writing #is,
AN's,  and_'s and write the entire clause above as

Examples:

The statement “All people are mortal”, represented by thméda8x:(Person(x)  Mortal (x)), is
represented by the clauBerson(x) ! Mortal (x).

The statement “Every person is either male or female” isasgmted by the clause

Person(x) ! Male(x); Female(x):

Some formulas are not clauses. With a little manipulatiawyéwver, we can turn a formula intosatof
clauses, possibly making up some new function symbols iptbeess. For example, the statement “Every
person has both a mother and a father”, normally represdaytéoe formula

8x:(Person(x) ((9y:Mother(y; x)) * 9 z:Father(z; x)));

2Technica||y, we've only established this for the case whiee set of axioms is nite. If it is in nite, say, if it include
all formulas then consequence can be decidable. However, for the satdamhs we usually want to use (Peano's axioms for
numbers, the Zermelo-Fraenkel axioms for sets), provglidliundecidable.

13



is not a clause as it stands. There are two problems. Thesrgtd”™ on the right-hand side of the; we
solve this by splitting the sentence into two:

8x:(Person(x) (9y:Mother(y;x))) and 8x:(Person(x) (9z:Father(z;x)))

The other problem is the existential quanti ers. To get ridiese, we introduce new function symbats
(for “mother of”) andf (for “father of”) and write the two clauses

Person(x) ! Mother(m(x);x) and Person(x)! Father(f (x);x):

The functionam andf are calledSkolem functionsand the process of introducing them is cali&kblem-
ization. Using Skolemization and other tricks, we can transform amgnfila into a set of clauses.

The Resolution Rule — Propositional Case

moment that neither clause has any variables in it, thessetaare equivalent to the formulas
(Ar" ~ Am) (Bi_ _Bn) and (A2~ M AR (BY_ _ B9

respectively. Now, suppose that some atGnappears both among ti&'s and among the\®s. That is,
suppose the formulas look like

(A1" ~ Am) (Bi_ C _Bn) and (A}~ C ~AY) (BY_ _BY
Then we are justi ed in drawing from these two clauses thectusion
(AL "~ An~ARM M AQ) (Bi_ _Bn_BP_  _ B9

where we have removed both occurrence€ofThis conclusion follows because, if ti#es all hold and

all the remainingA% hold, then we know from the rst clause that either (a) orfethe remainingB's
holds, or (b)C holds, in which case one of ti&° holds by the second clause. This pattern is the core
of resolution; indeed, if we were working in propositionagic rather than rst-order logic, we would just
have discovered the (propositiomgsolution rule:

This rule alone is enough to derive many (but not all!) valideequences of a set of assumptions.

Example: Consider the following set of clauses.

fRaining ! DriveToWork ; ! Raining; WalkToWork
WalkToWork ! WearSunglasses WearSunglassesLoseSunglasses$ g

Note that we useto represent the empty list of formulas. By convention, aptmonjunction is considered
to be always true, and an empty disjunction is consideredetallvays false. Thus clause of the form

I Bjy;:::;Byxsimplyassert®1  _ Bg; aclause ofthe formq;:::;Ax ! asserts (A1 ™ Ag).
Theclause! isa contradiction; if we can ever derive it, we know our seasgumptions was inconsistent.
Thus we can translate the list of clauses above as:
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1. Ifitis raining, | will drive to work.

2. Either it is raining, or | will walk to work. (In other wordsf it is not raining, then | will walk to
work.)

3. If I walk to work, | will wear my sunglasses.

4. Not (I will wear my sunglasses and | will lose my sunglaiséb other words: If | wear my sun-
glasses, then | will not lose my sunglasses.)

If we throw in the one additional clausé LoseSunglasse$l lost my sunglasses), then we can conclude
! Raining. Here's how:

1. Resolve! LoseSunglassewith WearSunglassesLoseSunglasse$ to obtainWearSunglassed
(I must not have worn my sunglasses.)

2. ResolveWearSunglassesd  with WalkToWork ! WearSunglassego getWalkToWork !
(I must not have walked to work.)

3. Resolve ! Raining; WalkToWork with WalkToWork !  to obtain ! Raining.

The Resolution Rule — First-Order Case

Consider two clauses representing the formulas
8Xy:i8xk((Ar M A) (Bi_ _Bm)) and 8yi:::8yn((C:» ™ Cp) (Di_ _ Dy)):

Assume that the's andy's are all distinct variables. If som; and someC; happen to be the same atomic
formula, then as in the propositional case we can conclude

8X1:::8Xk8y1: 8y (AL N A NMCy A Ci 1" Cju Cp)
(Bi_ Bj1_Bix1 _Bm_Di_ _ Dy)).

But there are opportunities to draw conclusions even wheratbms involved in the resolution are not
precisely the same. To take a classic example, consider:

Person(x) ! Mortal (x) and I Person(socrates):

We ought to be able to resolve these to gét Mortal (socrates). But how? Well, remember that the
variablex in the rst clause is implicitly universally quanti ed. Thaneans that if we substitute any term for
X in that clause, the resulting clause will be true. In patéiguf we apply the substitutiofx 7! socrateg,
we getPerson(socrates) ! Mortal (socrates) as an instance of the rst clause; we can then resolve this
with the second clause to get the inevitable result.

Sometimes things are a bit more complicated. For exampiesider the clauses:

Food(x) ! Likes(sally;x) and Likes(y;cheesg! Admires(bob;y):
(“Sally likes all foods” and “Bob admires anyone who likeseese.”) It should follow from this that

Food(cheesg¢ ! Admires(bol; sally). But why? Well, in this case, to make the clauses match up we
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need to substitute for both tixein the rst clause and thg in the second clause. If we apply the substitution
[x 7! cheesey 7! sally] to both clauses, we get

Food(chees@ ! Likes(sally; cheesé and Likes(sally;cheesg¢ ! Admires(bob; sally):
These two clauses can then be resolved to get “If cheese ilatften Bob admires Sally.”

Of course, in general there may be several variables in Hatises that need to be substituted for in
order to make two atoms match. Given two formudaandB, a substitution such that (A) = (B) is
called auni er of A andB; if such a exists, we sayA andB areuni able.

The general rule for rst-order resolution performs sutogtbn and resolution all in one step:

At Am ! BriiniBn Cpriii;Cp! Dyiin;De ((Bi)= (Gy))

Most General Uni ers

Technically, the resolution rule just given can usg substitution that uni es someB; and someC;.
There may be in nitely many such substitutions. For examplgy substitution for which (x) = (y)
will unify P(x;y) andP (y; x); however, if we need to make these two atoms match up forutéso| we
should use a uni er likgx 7! z;y 7! z], wherez is a variable that does not occur anywhere else.

Why is this the right idea? Well, it turns out tHat 7! z;y 7! z] is themost general uni erof P (x;y)
andP (y; x).

De nition 4 LetA andB be two formulas. If is a uni er of A andB such that for any other uni er of
A andB there exists subsitution such that (A) = (B)= ( (A)), then we say is themost-general
unier of A andB.

It turns out that any two formulas that are uni able have a trgEneral uni er, and that we can nd this
uni er with a fairly simple algorithm (which we will not disgss). (The process of testing for uni ability and
nding a most-general uni er is calledni cation .) Furthermore, if two clausgs; andC, can be resolved
using some uni er to get the claus€® then if we resolve them using the most-general uni einstead,
then the result will be a formul@from which C°can be obtained by substitution later if necessary.

A Complete Resolution Algorithm

It turns out that the resolution rule alone is not enough tivdeall valid consequences of a given set of
clauses. (For examplé, ! A is avalid consequence of the empty set of assumptions, $oiuteon needs
to have at least two assumptions in order to proceed.) Simgethightly different, however, is true:

Theorem 6 If K is aninconsistenset of clauses, then there exists a sequence of resoluipg Btat derives
the contradictory clause! fromK .

Corollary 3  F A if and only if there is a sequence of resolution steps thaivder !  from a set of
clauses equivalent to ;: A).

As a result of this corollary, we can prove that the followalgorithm semi-decides provability:
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Resolution( ,A) = I~ A?

Convert( ;: A) to alist of clauseX .

Repeat forever:
Choose two clauses andD from K such that some atom on the right©fis

uni able with some atom on the left d.

Apply the resolution rule using the most general uni er abslke atoms.
If the resulting clause is! , halt and report success.
Otherwise, add the resulting clausekto

Of course, this is only the skeleton of an algorithm. To makwactical, we would have to address a
few more things, such as:

How to convert sets of formulas into sets of clauses.

How to choose pairs of resolvable formulas.
(This includes both nding resolvable pairs ef ciently amthoosing pairs that are likely to lead to a
contradiction quickly.)

How to compute most general uni ers.
How to avoid adding exponentially many useless clausés.to

How to deal with in nite sets of axioms such as those neededdasoning about equality, numbers
or set theory.

In the end, resolution is one of the simplest automated reagonethods to describe and one of the most
widely known, but the “proofs” it produces are not underdtatrie by humans. If generating human-readable
proofs is desirable, other methods may be better.
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Automated Deduction: Sequent Calculus

Gerhard Gentzen, the logician who coined the term “natuedludtion” (in German), also popularized a
related, but different, set of formal rules for deductioflezhthe sequent calculus.Sequent calculi (that
is, Gentzen's sequent calculus, variations on it, and systée it designed for other logics than classical
predicate logic) serve many purposes in different areawhdl logic: they can be used to prove the
consistency of natural deduction-like systems withoutgisnodel theory; they show up in proofs of Godel's
Completeness Theorem; and, most importantly for our pegdbley are very useful in designing automated
theorem provers.

So, let us take a look at the classical rst-order sequentutat and see how it can guide us toward
practical automated deduction systems.

Sequents
A sequents a judgment of the form
=)
where and are setdof formulas. The sequent ) is intended to mean thétall of the formulas in

are true then it follows thatat least oneof the formulas in is true. (In this sense, a sequent is similar
in structure to a clause of the kind used in resolution; thenrddference is that the formulas in the sets
and to not have to be atomic.)
If is empty, then we have the sequent) , Which simply asserts that at least one of the formulas
in istrue. If is empty, then we have=) , which asserts that the setis inconsistent. If both are
empty, we have =) , which is contradictory and (because the sequent calcsissund) not derivable.

Inference Rules

Like natural deduction, the sequent calculus has rulesgfoh éogical connective. Unlike the rules of natural
deduction, however, which are partitioned imbtroduction and elimination rules(plus two rules that are
neither), the rules of the sequent calculus are dividedl&ftandright rules according to whether they act
primarly on or , respectively.

There is one rule that is neither a right rule nor a left ruédlecl theinitial sequentrule:

An initial sequent is one where some formula occurs both erdft and on the right; this rule tells us that
such a sequent is automatically true.

The right rule for conjunction’(R) is similar in character to thel rule of natural deduction, but also
illustrates a key difference from natural deduction:
=) AANB; = ) B;A"B;
=) A"B;

("R)

As with all of the rules of sequent calculus, thR rule is best understood bottom-up. It says that if we wish
to proveA N B (or something in ), then we must prove both (or something in ) andB (or something

3Some authors de ne them to be lists, rather than sets, amditaee to deal with the fact that order and repetition seem to
matter but don't.
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in ). The principal formulaA ~ B is kept around in the premises; this does not affect how welrtiles
work, but the aesthetic reason for it will become clear as ey
The left rule for conjunction essentially just uses the fhet the left side of a sequent is basically a big
conjunction anyway:
AMNBAB =) A
ARB D) (“L)

This rule says that if we have an assumptioi\df B available for use in proving , then we may “extract”
assumptions oA andB and use those as well.

At this point the distinction between right rules and lefesuis clear; both kinds of rules, if read bottom-
up, show how to “decompose” an occurrence of some conndntie sequent we wish to prove. The right
rules decompose a “goal” into “subgoals”, while the lefeubllow the use of an assumption by “extracting”
some information from it.

The rules for disjunction are the following:

= ): ;A; i;AB_;B; ( R) ;A _B;A :;)A - :;)A_B;B =) (L)

The_R rule simply says that to prove _ B (or something in ), it suf ces to proveA or B (or something
in ). The_L rule is similar to the_E rule of natural deduction in that it allows reasoning by sadé
something in follows from andA, and something in follows from andB, then something in
follows from ;A _ B. Notice the cool symmetry, or “duality”, with: the™L rule is the same as theR
rule, and the® R rule is the same as thd. rule!

Notice as well that this allows some slight weirdness: thenida in  that results ifA is true and the
one that results iB is true do not have to be the same one; however, either wathi¢ isase that “something
in istrue.” This means that we cannot interpret as meaning, “There is something inthat follows
from .” Rather, it must mean, “It follows from that something in is true.”

The rules for implication are:

;A=) B;A B; A B =) A A B;B =)
=) A B; ¢ R) A B =) (

L)

The R rule is kind of like the | rule of natural deduction in that we can pro%e B by assuming
A and provingB. However, we also have another choice: we can use our assunghtA to prove that
something in  must hold. This weirdness is akin to what we saw in therule. The L rule says that if
we have an assumption Af B available, we can make use of it by proviAgand then using the resulting
knowledge ofB to prove something in .

Example: =) A_(A B).

(init )
( R)
(_R)

A=) B;A/A BA_(A B)
=) AA B,A_(A B)
=) A_(A B)

End of Example.

19



The rules for negation look kind of like those for implicatjaexcept that th& is “missing”:

A=) A ) A=) A )
=) A CR) ;A=) GL)

These rules say simply that if we se@d among the formulas on the right, we should @&dtb the formulas
on the left; if we see it on the left, we should aéldo the formulas on the right. The justi cation for these
may be easier to understand by reading them top-down: sappesave found that an assumptionfof
together with entails that either A or something in is true. If: A follows from ( ;A), then( ;A)is
inconsistent and so vacuously entdilsA; ) or anything else. If something in follows from( ;A), then

it must be the case thaither something in is trueor A is not true,i.e. : A is true. A similar argument
explains the left rule.

The rules for the quanti ers have the same kind of symmetha®snes for conjunction and disjunction:

=) A[yzx]);gx:)ﬁ;A; ( yfresh (8R) ;8x:;A8;X,j«A[t::>)<] =) 6L

(In the side conditions of these ruleg; fresi means % does not occur free in, or A.”) To prove

a universal statement, or use an existential statementhaese a fresh name for the variable. To use a

universal statement, or prove an existential statementnaa term to substitute for the variable.
Interestingly, it is critical that the quanti ed formulas the8L and9R rules be present in the premise

of those rules as well as the conclusion. In the ca® othis is easy to understand: we may need to use our

knowledge of8x:A many times by plugging in many different values farIn the case 06R, the reason

is less obvious. reading bottom UWR represents choosing the valuexofor which we will proveA; by

keeping9x:A around, we retain the option of “changing our mind” and pngv\ for a different value ok

instead. This turns out to be important, as the followingnepie illustrates.

Example: In a bar, there exists a person such that if she is drinkirgp #veryone is drinking. That is,
Ix:(P(x) 8 y:P(y)).

P(X);P(yD) =) P(y0):8y:P(y)::: (T“ >R)
P(X)=) POD:POD) 8 yPy)ii: = gpy

P(X)=)8 y:P(y); :::; 9x:(P(x) 8 y:P(y)) §8RF)0
=) P(X) 8 y:P(y); 9x:(P(x) 8 y:P(y)) oR)
=)9 x:(P(x) 8 y:P(y))

Notice how this proof, read bottom-up, initially picks arteX and sets out to provA[X=x], but later
changes course and prov&$y;1=x] instead. Here is a proof of the same fact in natural dedugtmsave
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space, leA = 9x:(P(x) 8 y:P(y))):

D
CAP(X) T P(yw)

AP Pl o0
AP (X) T 8y:P(y) (N
AT P(X)\ 8 y:P(y) o) \
A A :A:A(:I)
- AA (RAA)

whereD =
E
CAP(X)iP(y) T A CAP(X) i P(y) Tt A
AP (X)) P(y1) " P(y1)

¢ E) L AP (X);i P(ya) "t P(y1)
PAP(X) T Py

whereE =

AP (X); s P(y1);P(yn) " P(y1) AP(X);:P(y1);P(y1) @ P(y1)
tAP(X); i P(ys) ~ P(y1) 8 y:P(y) o)

PAP (X)) P(ys) " 9x:(P(x) 8 y:P(y))

In this natural deduction, we set out to establistby proving:: A; this in turn is accomplished by

proving: A ~ A. We start a direct proof of\, but later decide to make use of the assumptidn by
contradicting it. In English:

¢ E)

Assume, for the purpose of deriving a contradiction, thatetis no persox such that ifx is
drinking, then everyone is drinking. We shall attempt toverthat if Xavier is drinking, then
everyone is drinking, which will give a contradiction. Soppose Xavier is drinking, and let
y1 be any other person in the bar.ylf is drinking, we are done. I, is not drinking, then it is
the case that if; is drinking, then everyone is drinking. This contradicts assumption that
no such person exists.

Aside: This proof is a so-called “nonconstructive” proof: it previhat something must exist by showing
it is contradictory to suppose it doesn't exist, but it ddeantually tell how to nd it. Of course, if there
are only nitely many people in the bar we can just pick oney(Xavier), and if he is drinking, check that
everyone else is also drinking; if we nd anyone who isn't, im@nediately realize we should have picked
that person instead of Xavier. If there are in nitely manyopke in the bar, however, this strategy is not as
effective, leading some philosophers, logicians and nma#ttieians to consider non-constructive proofs less
satisfying than constructive ones.

Interestingly, we can eliminate all nonconstructive pssgimply by removing thRAA rule from natural
deduction; the result is callezbnstructiveor intuitionistic logic. (Since the sequent calculus hasR®A
rule to remove, making sequent calculus intuitionisticuiezs a more fundamental structural change.) The
formula proved above is an example of one that is provabléssal logic but not in constructive logic; it
follows that the rules of constructive natural deductioarast complete with respect to the classical model
theory we have seen. How to de ne a notion of model with respwhich constructive natural deduction
is complete is beyond the scope of these notes.
End of Aside.
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Example: =) C,where = A (B C);A B;A.

=" = (init) —=: = (init )
- (init ) ;B;B  C=) .B. _,B,B C;C=) C( L)
nit) — =) A ;B;B  C=) C( L)
=y A A(|n| B9 C
=S (L)

Reading bottom-up, the rst L uses the assumptioh B;the second L usesA (B C), andthe
lastuse8 C.
Equivalence to Natural Deduction

Sequent calculus, it turns out, is a sound and complete tledusystem for rst-order logic. This can be
proven directly, but showing that sequent calculus andrabtieduction are equivalent is easier.

w wW
Theorem 7 (Soundness)f =) then ° , Where represents a disjunction of all the formulas
in . Itfollows immediately thatif=) Athen ° A.

Proof Sketch: Straightforward but tedious: prove that each rule of sefjoaltulus is sound with respect
to natural deduction, then use induction.
End of Sketch.

To prove that sequent calculusdsmpleterequires a nontrivial lemma callexlit elimination.
Lemma 4 (Cut Elimination) If 1=) A; iand 3 A=) 2,then 1; 2 =) 1, 2.
Proof. By a tricky nested induction. We omit the details.

The resemblance between the cut elimination lemma and dp®gitional resolution rule (discussed earlier)
is coincidental: resolution is a rule for drawing conclusdrom assumptions, whereas cut elimination is a
fact about a set of rules, and not an obvious one since we lwaehproved those rules are complete!

Theorem 8 (Completeness)f ~ A,then =) A.

Proof Sketch: Like soundness, this involves a case-by-case considerafiall the rules; cut elimination
plays a key role in every case.
End of Sketch.

Rules Without Clutter

It is natural to wonder, when considering the rule

ANB;AB 2)
;ANB =)

("L)

whether theA ~ B in the premise is strictly necessary. Certainly the rule vaatill be sound without
it, in the sense that removing it would not allow anything #ogroven that could not be proven already,
but perhaps it would interfere with some valid proofs, reimdgesome provable things unprovable. In fact
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this is not the case. TheL rule, and several others, can be rewritten so that the ferigy decompose
disappears as we move from conclusion to premises.

In particular, the following rules are just as good as theiems given earlief:

=) A = ) B;

P(tsnt) =) Pt (nit =) A"NB; ("RY
TA e (R TR (W
=) A[y=><]::)8( ))(/:Az; FV (A (8R9 L Aly=x] :);9x:,£\ );)2 FV(A) (9L9

A few things to note: First, we can restrict the initial sequeule so that it only applies to atomic
formulas. Any initial sequents in which the principal forlaus not atomic can be proven using left and
right rules to break it down. Second, we cannot unclutteBth@r 9R rule, for reasons mentioned earlier.

Example: =): (A : B) (A”"B).

m(init) m(ﬁ\nit)
AB=) A"B (: RY (*R9
A=): B;A"B '( RO
=) A : BA"B (LY
(A . B)=) A"B "

=): (A : B) (A’\B)( R)

Note that this does not assumeand B are atomic, so the nemit ° rule does not apply to the initial
sequents in this derivation. The structure of the proof addd prove those sequents without the iolid
rule depends on the internal structurefondB which we have not speci ed.

End of Example.

4| HAVE NOT ACTUALLY VERIFIED THIS.
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