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Proving correctness of iterative algorithms

• Iterative algorithms: algorithms that use loops, such as for and while loops.

• What do we mean by our iterative program being correct?

• if certain conditions are met and we run the program, then the program will terminate 

(we say that the program will halt) and we will receive the correct result.

• The condition that needs to be met to run the program is called a precondition.

• The result that needs to be met after the program termination is called a postcondition.

• The precondition and postcondition are known as the specifications of the program.
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Proving correctness of iterative algorithms

• To prove the correctness of a program we would need to prove that if the precondition is 

true, then the program will terminate and the postcondition will be true.

• If we were to think of this in terms of logic, we would need to prove that

• precondition ⇒ termination ∧ postcondition

• Sometimes, it makes sense to break down the proof in two parts:

• Proving termination: precondition ⇒ termination

• Proving partial correctness: precondition ∧ termination⇒ postcondition
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Practice Time

• Write an iterative Python function called linear_search that takes a list lst and an element 

element and returns the index of the first encounter of the element in lst, if it exists, or -1 if it 

does not.

• What are the pre- and post-conditions?

• Remember, pre-condition is what needs to be true for the program to run. In this case, 

what would your function need to run?

• Post-condition is the result that needs to be met after the program terminates. In this 

case, what happens when your function completes its work?
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Answer

def linear_search(lst, element):

n = len(lst)

for i in range(n):

if lst[i]==element:

 return i

return -1

• Pre-condition : A list lst of n elements, [𝑒0, 𝑒1, … , 𝑒𝑛−1] and an element element to search for.

• Post: The index i of the element 𝑒𝑖 , so that 𝑒𝑖 == 𝑙𝑠𝑡[𝑖] == 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 and 𝑙𝑠𝑡 𝑒𝑗 ! = 𝑒𝑙𝑒𝑚𝑒𝑛𝑡, for 

every 𝑗 < 𝑖, or -1 if no element in list is equal to 𝑒𝑙𝑒𝑚𝑒𝑛𝑡.

def linear_search(lst, element):
i = 0
n = len(lst)
while (i<n):

if lst[i]==element:
return i

i+=1
return -1
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Is our output correct?

• To show that the output is correct we would need to know that:

• If index i is returned, then lst[i]==element and i is the first index with a matching element.

• If -1 is returned, then the element is not in list.

• We will do so by using loop invariants and assume that while loops are in the form of:

while (guard):

 #body

• And for loops are in the form of:

for i in range (start, stop, step): #start=0, step=1 by default

 #body
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Loop invariants

• Assuming the precondition holds, a loop invariant for a loop 𝐿 is a logical property 𝑃 such 

that:

• i) 𝑃 is true before 𝐿 is first executed; and 

• (ii) if 𝑃 is true at the beginning of an iteration of 𝐿, then 𝑃 is true after that iteration of 𝐿. 

that is true at the beginning and end of every iteration of a loop.

Robert Floyd Tony Hoare
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Proving correctness using loop invariants

• To prove correctness, we need to show:

• Initialization: The loop invariant is true before the loop runs for the first iteration.

• Maintenance: We assume that the loop invariant is true before an iteration. Given this 

assumption we need to show that the loop invariant remains true after the execution of 

the loop body and before entering the next iteration.

• Postcondition: Show that if the guard fails/is false (so the loop exits), then the desired 

result of the loop has been achieved: the loop post-condition holds.

• Termination: After a finite number of iterations of the loop, the guard will become false 

and the loop will terminate.

• All four step would be necessary to show full correctness.
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Loop invariants

• Loop invariants, often make a statement depending on an index i and what you have seen 

so far, e.g., in lst[0:i] (this list slice contains all elements from index 0 to index i-1, that is 0 

is inclusive but i is exclusive).

• Let's go back to the linear search example. 

• Practice Time: What loop invariant can we can come up with?

• At the start of each iteration, element does not exist in the sublist lst[0:i]
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Loop invariant for linear search - Initialization

• Initialization: Before the first iteration, i==0, then the slice lst[0:0] would be empty. 

Therefore, element would not be in the slice and the loop invariant holds true.

def linear_search(lst, element):
n = len(lst)
for i in range(n):

if lst[i]==element:
return i

return -1

def linear_search(lst, element):
i = 0
n = len(lst)
while (i<n):

if lst[i]==element:
return i

i+=1
return -1



11

Loop invariant for linear search - Maintenance

• Maintenance: Let's assume the loop invariant is true at the start of the i-th iteration of the 

loop, that is the element does not exist in lst[0:i]. If lst[i] == element, the current iteration is 

the final one (the return statement would be reached); otherwise, if lst[i] != element, we have 

that the loop invariant holds true at the end of this iteration and before the beginning of 

the next iteration, since element is not in lst[0:i+1].

def linear_search(lst, element):
n = len(lst)
for i in range(n):

if lst[i]==element:
return i

return -1

def linear_search(lst, element):
i = 0
n = len(lst)
while (i<n):

if lst[i]==element:
return i

i+=1
return -1
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Loop invariant for linear search - Postcondition

• Postcondition: The loop terminates when

• i) the guard fails, that is i==n==len(lst). In that case, the element has not been found, lst[0:n] does not 

contain the element, and -1 is correctly returned.

• ii) the return statement is reached because lst[i]==element for the first time, and i is correctly 

returned as the index of first occurrence of element in the list (since we know that it couldn't have 

been in the list[0:i]).

def linear_search(lst, element):
n = len(lst)
for i in range(n):

if lst[i]==element:
return i

return -1

def linear_search(lst, element):
i = 0
n = len(lst)
while (i<n):

if lst[i]==element:
return i

i+=1
return -1
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Loop invariant for linear search - Termination

• Termination: i increases by 1 in every iteration and ranges from 0 to maximum n=len(lst). 

Thus, in a finite number of iterations of the loop, we will either find the element and return 

its index or return -1.

def linear_search(lst, element):
n = len(list)
for i in range(n):

if lst[i]==element:
return i

return -1

def linear_search(lst, element):
i = 0
n = len(lst)
while (i<n):

if lst[i]==element:
return i

i+=1
return -1
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Practice Time

• Write an iterative function called iterative_multiplication that computes and returns the 

product of two non-negative integers m and n via repeated addition. 

• What are the pre- and post-conditions?
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Answer

def iterative_multiplication(m, n):

    product = 0

    for i in range(n):

        product += m

    return product

• pre-condition: the input variables m and n are non-negative integers.

• post-condition: the returned value is equal to the product of m and n.

def iterative_multiplication(m, n):
    product = 0
    i=0
    while i<n:
        product += m
        i += 1
    return product
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Iterative multiplication - Loop invariant

• Practice Time: What is a good loop invariant for this function?,

• After i iterations, product = m x i.

def iterative_multiplication(m, n):

    product = 0

    for i in range(n):

        product += m

    return product

def iterative_multiplication(m, n):
    product = 0
    i=0
    while i<n:
        product += m
        i += 1
    return product
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Iterative multiplication - Initialization

• Initialization: Before the first iteration product=0 and i=0, thus product=0=mx0.

• So, the loop invariant holds before the first iteration.

def iterative_multiplication(m, n):

    product = 0

    for i in range(n):

        product += m

    return product

def iterative_multiplication(m, n):
    product = 0
    i=0
    while i<n:
        product += m
        i += 1
    return product
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Iterative multiplication - Maintenance

• Maintenance:  Let’s assume the loop invariant is true at the start of the i-th iteration of the 

loop, that is productold = m x iold.

• In the loop body, we execute productnew = productold + m and increment i by 1, that is inew = iold 

+ 1 

• After this iteration, productnew = (m x iold) + m = m x (iold+1)=m x inew.

• So, the invariant still holds. 

def iterative_multiplication(m, n):

    product = 0

    for i in range(n):

        product += m

    return product

def iterative_multiplication(m, n):
    product = 0
    i=0
    while i<n:
        product += m
        i += 1
    return product
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Loop invariant for linear search - Postcondition

• Postcondition: The loop terminates when the guard fails, that is when i = n. 

• By the loop invariant product = m x i = m x n.

• Which is the exact result we were hoping to compute!

def iterative_multiplication(m, n):

    product = 0

    for i in range(n):

        product += m

    return product

def iterative_multiplication(m, n):
    product = 0
    i=0
    while i<n:
        product += m
        i += 1
    return product
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Loop invariant for linear search - Termination

• Termination: Since i starts at 0, increases by 1 at each iteration, and the loop guard is 

i < n, the loop must terminate after exactly n iterations. 

• Thus, in a finite number of iterations of the loop, we will calculate the product of m and n.

• Putting it altogether, we have proven the correctness of this program.

def iterative_multiplication(m, n):

    product = 0

    for i in range(n):

        product += m

    return product

def iterative_multiplication(m, n):
    product = 0
    i=0
    while i<n:
        product += m
        i += 1
    return product



21

Practice time

• You are given the following program that tests whether a positive integer is prime by iterating 

through all numbers from 2 to 𝑛 and checking divisibility.

def is_prime(n):

    i = 2

    while i * i <= n:

        if n % i == 0:

            return False

        i += 1

    return True

• First, test it with a few numbers to convince yourself that it works.

• What are the pre-and post-conditions? What is a good loop invariant?

• Use loop invariants to prove that the function works correctly.
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Answer 

• Pre-condition : Input n is an integer, n ≥ 2.

• Post-condition: The function returns True if n is prime and False if it is composite. 

• Loop invariant: At the start of each iteration i, no integer k with 2 ≤ k < i divides n.

def is_prime(n):
    i = 2
    while i * i <= n:
        if n % i == 0:
            return False
        i += 1
    return True
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Answer 
• Initialization: At the start of the first loop, i=2. There are no integers k with 2 ≤ k < 2, so the 

invariant is trivially true.

def is_prime(n):
    i = 2
    while i * i <= n:
        if n % i == 0:
            return False
        i += 1
    return True
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Answer 
• Maintenance: Suppose at the start of some iteration the invariant holds and no integer k 

with 2 ≤ k < i divides n.

• Once we enter the loop, if n % i == 0, then we return False immediately, which is correct because n 

would be a composite if it can be divided by i.

• Otherwise, n % i != 0. That means i does not divide n.

• Then we increment i by 1 to i+1.

• Thus at the start of the next iteration, no integer k with 2 ≤ k < (i+1) divides n. The invariant holds.

def is_prime(n):
    i = 2
    while i * i <= n:
        if n % i == 0:
            return False
        i += 1
    return True
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Answer 
• Post-condition: The loop exits when i*i>n. At this point, every possible divisor between 2 

and 𝑛 has been checked. 

• If any such divisor existed, the loop would have terminated earlier and returned False. 

• Since it did not, no divisor exists up to 𝑛 , so n must be prime. Therefore, the 

postcondition holds when the loop terminates and returns True.

def is_prime(n):
    i = 2
    while i * i <= n:
        if n % i == 0:
            return False
        i += 1
    return True
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Answer 
• Termination:  The variable i starts at 2 and increases by 1 each iteration. The guard 

i * i <= n eventually becomes False when i > 𝑛 . Thus, the loop always terminates. 

def is_prime(n):
    i = 2
    while i * i <= n:
        if n % i == 0:
            return False
        i += 1
    return True
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Practice time

• Write an iterative function count_digits, that given a (decimal) number it returns how many 

digits it has. For example, 

• count_digits(7) → 1

• count_digits(123) → 3

• count_digits(10005) → 5

• What are the pre-and post-conditions? What is a good loop invariant?

• Use loop invariants to prove that the function works correctly.
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Answer 

• Pre-condition : Input n is an integer, n > 0.

• Post-condition: The function returns the number of digits in the decimal 

representation of n.

• Loop invariant: after count iterations, the last count digits have been 

removed from the original n and n is the part of the original number that 

remains to be processed. 

def count_digits(n):
    count = 0
    while n > 0:
        n //= 10
        count += 1
    return count
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Answer 
• Initialization: At the start of the first loop, count=0 and n is the full original 

number. Since 0 digits have been removed from n both count and n are 

accurate and the invariant holds. 

def count_digits(n):
    count = 0
    while n > 0:
        n //= 10
        count += 1
    return count
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Answer 
• Maintenance: Suppose at the start of some iteration the invariant holds and countold holds 

the number of digits already removed and nold is the remaining portion of the original 

number, with the last countold digits from noriginal having been removed. 

• Once we enter the loop, we update nnew = nold //10, removing the last digit, and increment countnew = 

countold + 1 of removed digits by 1.

• Thus, at the start of the next iteration, one more digit has been removed from n and the number of 

removed digits count has increased by 1. The invariant holds.

def count_digits(n):
    count = 0
    while n > 0:
        n //= 10
        count += 1
    return count
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Answer 
• Post-condition: The loop exits when n=0. By the invariant, we have count 

being the number of right-most digits that have been removed from the 

original number and n being the remaining portion of the original number. 

But since all the digits have been removed once n is 0, count will be equal to 

the total number of digits in the original number n.

def count_digits(n):
    count = 0
    while n > 0:
        n //= 10
        count += 1
    return count
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Answer 
• Termination:  At each iteration, the statement n //= 10 strictly decreases n. 

Since n is positive integer, this process can only happen a finite number of 

times (at most equal to the number of digits of n). Eventually, n becomes 0, 

making the guard n > 0 False, so the loop terminates.

def count_digits(n):
    count = 0
    while n > 0:
        n //= 10
        count += 1
    return count
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