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Minimum spanning trees

What is the lowest weight set of edges that connects all vertices
of an undirected graph with positive weights

Input: An undirected, positive weight graph, G=(V,E)

Output: A tree T=(VE’) where E' C E that minimizes

weight(T) = z w,

eeE'

MST example

Minimum cut property

Given a partition S, let edge e be the minimum cost
edge that crosses the partition. Every minimum

spanning tree contains edge e.

Prim’s algorithm

Start at some root node and build out the MST by adding the
lowest weighted edge out of the MST constructed so far

PRIM(G.,7)
for all v €V
keylv] — oo
previv] — null
keylr] — 0
H — MAKEHEAP(key)
while | Empty(H)
u — EXTRACT-MIN(H)
s visited[u] — true
9 for each edge (u,v) € £
10 if loisited[v] and w(u,v) < key(v)
cASE-KEY(v,w(u,v))

Go o e we =
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Correctness of Prim’se

Can we use the min-cut property?

Given a partion S, let edge e be the minimum cost edge that crosses the
partition. Every minimum spanning tree contains edge e.

Let S be the set of vertices visited so far

The only time we add a new edge is if it's the lowest weight edge

from S to V-§

6 while |[Empty(H)
7 u — EXTRACT-MIN(H)
visitedlul « tru

for each edge (u,v) € E
if lvisited[v] and w(u,v) < key(v)
DECREASE-KEY(v, w(u, v))
prevje] — u

9 10
. . P . . P4
Running time of Prim s Running time of Prim s
| |
Priv(G. 1) Priv(G. 1)
1 forallveV T forallveV
2 key[v] — oo 2 keylv] — oo o(v])
3 prev[v] — null 3 prev[v] — null
1 keylr] =0 4 keylr] =0
5 H— MaKEHEAP(key) 5 H — MaKeHEAP(key) 1 call to MakeHeap
6 while !Empty(H) G while [EmprulH ]
7 u — EXTRACT-MIN(H) ‘ 7 w — EXTRACT-MIN(H) ‘ |V] calls to Extract-Min
8 visited[u] — true visited[u] — frue
9 for each edge (u,v) € £ 9 for each edge (u,v) € B
10 if lisited[v] and w(u,v) < key(v) 10 if lwisited[v] and w(u,v) < key(v)
1 DECREASE-KEY (v, w(u, v)) \11 DECREASE-KEY (v, w(u, ~))\ |E| calls to Decrease-Key
12 prev[v] — u 2 prevf] — u
11 12
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. . . ’ . . . ’
Running time of Prim s Running time of Prim s
| ) | )
When should we use Kruskal’s or Prim’s2
1MakeHeap  |V| ExtractMin  |E| DecreaseKey Total 1MakeHeap V| ExtractMin  |E| DecreaseKey Total
Array eqvi o(vR) O(IEl) o(vI2) Array eqvh o(vR) O(E]) o(vE)
Bin heap 8(IvVI) O(|V| log [V]) O(IE| log [V])  O((IVI+|EI) log [VI) Bin heap eIVl O(|V] log [V]) O([E| log [V])  O((IVI+|E) log [VI)
O(IEl log IVI) O(IE] log [VI)
Fib heap 8(IvVI) O(|V| log |V]) O(IE]) O(IVl log VI + [E]) Fib heap e(IvVI) O(|V] log [V]) O(IED O(IV] log V] + [E])
Kruskal’s: O(|E| log |E| ) Kruskal’s: O(|E| log |E| )
13 14

Shortest paths

What is the shortest path from a to d?

Shortest paths

How can we find this?

15

16
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BFS(G, s)
Shortest paths Ltwamnoel Shortest paths
o ;@) |
5 while IEMPTY(@) o
BFS 2 tx;ﬁ:;ﬂﬂ @ - What is the shortest path from a to d?
o Bt
10 ENQUEUE(Q.v)
1 distlv] — distlu] +
17 18
Shortest paths Shortest path algorithms?
[ [

What is the shortest path from a to d?

19 20



3/28/24

Dijkstra’s algorithm

What is diste

What is preve

DUIKSTRA(G, s)

Dijkstra’s algorithm
e

DuksTRA(G, 5)

BFS(G.s)

. 1 1 forcach v eV
1 forallveV How does it work? 2 dist]e] oo s T et =
2 dist[v] — oo 3 prevfe] — null 3 dist[s] =0
4 dist[s] <0 -
3 rev[v] — null . . 4 1 ENQUEVE(Q. s
prevlt] What is the run-time? 5 Q MakeHear(V) 5 while [EMPTY(Q)
4 dist[s] — 0 6 while IExeTv(Q
: N le 2) 6 u — DEQUEUE(Q)
5 Q«— MaKeHEAP(V) 7 u  EXTRACTMIN(Q) 7 Visir(v)
6 while [EMPTY(Q) How do we get the shortest path? M for all edges (t.0) € B 8 for each edge (1,v) € £
7 u — EXTRACTMIN(Q) 13 it "“'Md‘;["]*‘["l: ‘r‘[“f i , 0 if dist[o]
r a a " ) 2 tist|v] — distlu] +w(u.v 10 ENQUEVE(Q,v)
8 @ ges ) ¢ INQUEVE(Q,
for all edges (u,v) 1 DrcREASEKEY(Q. v, distlo]) 1p distl] — distfu] + 1
9 if dist[v] > dist[u] + w(u,v) 12 prevjv] — u N
10 dist([v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 previv] — u
. , . . ) .
Dijkstra’s algorithm Dijkstra’s algorithm
| |
prev keeps track of
the shortest path
DUKSTRA(G, BFS(G.5) DUKSTRA(G, 5) BES(G.5)
1 for 1 forallv 1 foreach v eV
) 2 dist[v] — oo 2 dist[v] = oo
3 dist|s] 3 prev(v] — null 3 dist[s] =0
4 ENQUEUE(Q,s) 4 dist[s) — _ [4 Enaueve(@.s)
5 5 while EMPTY(Q)] 5 Q. MakeHear(V) 5 while [EMPTY(Q)
6 while IEVPTY(Q) G u « DEQUEUE(Q) T hile TENPT (] 6 u « DEQUECE(Q)
7 u — EXTRACTMINGQ) 7 Vistr(t) 7 u — EXTRACTMIN(Q) 7 Visir(v)
8 for all edges (u,v) € E 8 for each edge (u,v) € E 8 for all edges (u,v) € E 8 for each edge (u,v) € E
9 if distle] > distlu] + w(u,0) o P 9 if distlo] > distlu] + w(u,v) o i distle] =
10 distlv] — distfu] + w(u,) g ENQUEUE(Q, ) 10 distle] — distle] +wlue) g ENQUEVE(Q, 1)
1 <D&Snxmq.z.d.sz[m 1 distlv] — distiu] + 1 1 DECREASEKEY(Q. 0, dist[t]) 1 distlv] — distiu] + 1
12 v u ' 12 previv] —u

23

24
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Dijkstra’s algorithm

Dijkstra’s algorithm

DuksTRA(G, 5) < DuksTiA(G, 5) BES(G,s)
1 forallveV 1 1 foraly 1 for cach v eV
2 2 2 dist[v] — oo 2 distly] = o
3 3 3 prevfo] — null 3 0
1 distls] — 0 1 ENQURUE(Q.5) 1 distfs] — 0 1 ¥
5 Q— MaxeHzar(V) 5 while IEMPTY(Q) 5 @ MakeHzar(V) 5 while IEAPTY(Q)
6 while IExte 6 w — DEQUECH(Q) 6 while IEMPTY(Q) o w — DEQUEUE(Q)
7 u — EXTRACTMIN(Q) 7 Visir(u) 7 u — EXTRACTMIN(Q) . Vistr(v)
s for all edges (u,v) € Sar cach odgs <k 8 for all edges (u,v) € & 8 for cach edge (u.v) € E
0 it distlo] > distlu] + w(u0) 1o i it 2 o0 a i distla] > distfu] - ol 2 ° f distle] =
© ] a1 Ve 10 dist] — st + o) ] 39 umE(@.2)
i DecREASEKEY(Q. v, distle]) 1y distlo] — distl 1 DECREASEREN(Q, v, distlt]) [1 distle] — distfu] + 1]
12 prevfv] — u 12 prevjv] — u
25 26
DUKSTRA(G, DUKSTRA(G.5)
1 forallveV 1 forallveV
2 distly] — o0 2 distly] — o0
3 prevfo] — null 3 prevf] — null
1 dist]s] — 0 T dit = 0
5 Q — MakeHEAR(V) 5 Q— MaKEHEAR(V)
G while IEMPTY(Q) 6 1v(Q)
7 w — EXTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
8 for all edges (u.v) € E 8 for all edges (u,v) € E
0 i dist[o] > distu] + w(u,v) 9 i dist[o] > distlu] + w(u,v)
10 dist[v] — dist[u] +w(u,v) 10 dist[v] — dist[u] + w(u,v)
1 DrCREASEKEY(Q. v, dist]1]) 1 DECREASEKEY(Q. v, dist]])
12 previo] — u 12 prevo] — u

27

28
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DUKSTRA(G, 5)

DUKSTRA(G, 5)
1 forallveV

1 forallveV
2 dist[v] — oo 2 dist[v] — oo
3 prev[v] — null 3 prevfo] — null
T distls] — 0 4 distls) — 0
5 Q< MaKEHEAP(V) 5 Q— MakeHEAR(V)
6 while !Expry(Q) 6 while |EMPTY(Q)
7 u — EXTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E 8 for all edges (u,v) € E
9 if dist[o] > dist[u] + w(u,v) Heap 9 i distlu] > dist[u] + w(u, v) Heap
10 dist[v] — dist[u] + w(u,v) 10 dist[v] — distlu] + w(u,v)
11 DECREASEKEY(Q. v, dist[v]) 11 DECREASEKEY(Q. v, dist[v])
12 prevje] — u A0 12 prevfo] — u B «
B x C o
Cw D
D « E w
3
E »
0
1
DUKSTRA(G, 5) DUKSTRA(G, 5)
1 forallveV 1 forallveV
2 dist[o] — o0 2 distlv] — o
3 prevfv] — null 3 prevfv] — null
1 distls] — 0 1 dist]s] — 0
5 Q«— MakeHEap(V) 5 Q< MakeHeap(V)
6 while IEMPTY(Q) 6 while !EMPTY(Q)
7 u XTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
8 for all edges (u.v) € £ 8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v) Heap a if dist] [u] + (e 2) Heap
10 dist[v] — dist[u] + w(u,v) 10 dist[v] — dist[u] + w(u,v)
1 DECREASEKEY(Q, v, dist[v]) 11 DECREASEKEY(Q, v, dist[v])
12 previo] — u B « 12 prevfo] — u cC1
Cw B «
D o D w
E « E «©

31

32
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DUKSTRA(G, 5)

1 forallveV

2 dist[v] — o
3 previe] — null
4 distls] — 0

5 Q — MaxeHeAR(V)
6 while IEMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (w.v) € E
[o if dist[o] > distfu] + w(u,v) ]
0 dist[o] — distlu] + w(w,0)

11 DECREASEKEY(Q. v, dist[t])

12 previe] — u

DUKSTRA(G, 5)
1 forallveV
2 dist[v] — oo
3 previe] — null
4 distls] — 0
5 Qe MakeHrar(V)

6 while IEMPTY(Q)

7 u — EXTRACTMIN(Q)

s for all edges (u,v) € £

Q i dist (o] > distlu] £ wluv)

10 distle] — distlu] + w(u,v)
1 DECREASEKEY(Q. v, distt])
12 prevf] — u

Heap

Cc1
B3

D w
E «©
DUKSTRA(G, 5) DUKSTRA(G, 5)
1 forallveV 1 forallveV
2 dist[v] — oo 2 distlv] — oo
3 prevfv] — null 3 previe] — null
i distls] — 0 1 distls] — 0
5 Q— MaxeHEAP(V) 5 Q— MakeHEaR(V)
6 while !EMPTY(Q) 6 MPTY(Q)
7 w — EXTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
s for all edges (u,v) € £ bl for all edges (u,v) € B
9 if dist[v] > dist[u] + w(u,v) 9 dist[v] > dist[u] + w(u,v) Heap
10 dist[v] — dist[u] +w(u,v) 10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[1]) 1 DECREASEKEY(Q. v, dist1])
12 previo] — u 12 prevfo] — u B 3
D w
E «©
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DUKSTRA(G, 5)

1 forallveV

2 dist[v] — o
3 previe] — null
4 distls] — 0

5 Q — MaxeHeAR(V)
6 while IEMPTY(Q)

7 u — EXTRACTMIN(Q)

H] for all edges (u.v) € F

9 if dist[v] > dist[u] + w(u.v)

10 dist[u] — distlu] + w(u, v)
11 DECREASEKEY(Q. v, dist[v])

12 previe] — u

Heap

B3

DUKSTRA(G, 5)
1 forallveV
2 dist[v] — oo
3 previe] — null
4 distls] — 0
5 Qe MakeHrar(V)

6 while IEMPTY(Q)

7 u — EXTRACTMIN(Q)

s for all edges (u.v) € E

9 if dist[v] > dist[u] + w(u.v)

0 distlo] — distlu] + w(u,0)
1 DECREASEKEY(Q. v, distt])
12 prevfo] — u

Heap

B3
D w

D o
E » E »
37 38
DUKSTRA(G, 5) DUKSTRA(G, 5)
1 forallveV 1 forallveV
2 dist[v] — oo 2 distlv] — o
3 prevfv] — null 3 previe] — null
i distls] — 0 1 distls] — 0
5 Q— MaxeHEAP(V) 5 Q— MakeHEaR(V)
6 while IEMPTY(Q) 6 while IEMPTY(Q)
7 u — EXTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
s for all edges (u,v) € £ s for all edges (u.v) € B
a i distfa] > distlul & wu 2) Heap ) stfv] > dist[u] + w(u,v) | Heap
10 dist[v] — dist[u] +w(u,v) 10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[1]) 11 DECREASEKEY(Q. v, dist1])
12 previo] — u B 2 12 prevfo] — u B 2

D o
E «

D w
E «©

39

40
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DUKSTRA(G, 5)

1 forallveV

2 dist[v] — 0

3 prev[e] — null
4 distls] — 0

5 Qe MaxeHear(V)

6 while [EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) < £

9 if distln] IMESNE il

10 dist[v] — dist[u] + w(u,v)
1 DECREASEKEY(Q. v, dist[t])

12 previe] — u

Heap

B2
E S5

DUKSTRA(G, 5)

1 forallveV

2 dist[v] — oo

3 previe] — null
4 distls] — 0

5 Qe MakeHrar(V)

6 while !EMPTY(Q)

7 u — EXTRACTMIN(Q)

s for all edges (u,v) € £

9 if dist[v] > dist[u] + w(u,v)

10 distle] — distlu] + w(u,v)
1 DECREASEKEY(Q. v, distt])
12 prevfo] — u

Heap

E 3
D5

D «
41 42
DUKSTRA(G, 8) DUKSTRA(G, 5)

1 forallveV 1 forallveV
2 dist[v] — oo 2 distv] — oo
3 preve] — null 3 prevfv] — null

1 dist[s] — 0 1 dist[s] — 0

5 Q— MAKEHEAR(V) 5 Q— MAKEHEAP(V)

6 while IEMPTY(Q) 6 while Emp1v(Q)

7 u XTRACTMIN(Q) 7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € E 8 for all edges (.

9 if dist[v] > dist[u] + w(u,v) Heap 9 > Heap
10 distlv] — dist[u] + w(u,v) 10 dist[v] — distlu] +w(u,v)
11 DECREASEKEY(Q. v, dist[v]) 11 DECREASEKEY(Q. v, dist[v])
12 previo] — u D5 12 prevfo] — u

43

44
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DIKSTRA(G, 5)

1 forallve
2 dist[v] — o

3 previe] — null

4 distls] — 0

5 Q — MaxeHeAR(V)

6 while IEMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € £

9 if dist[v] > dist[u] + w(u.v) Heap
10 dist[v] — dist[u] + w(u,v)

1 DECREASEKEY(Q. v, dist[v])

12 previe] — u

Prev

DUKSTRA(G, 5)

1 forallveV
2 dist[v] — oo

3 prevfe] — null
4 distls] — 0

5 Qe MakeHrar(V)

6 while IEMPTY(Q)

7 u — EXTRACTMIN(Q)
for all edges (u,v) € £

N
9 if dist[v] > dist[u] + w(u,v) Heap
10 distle] — distlu] + w(u,v)

1 DECREASEKEY(Q. v, distt])

12 prevfo] — u

Prev

How do we get the actual paths?

45 46
o ’ ° . ’ o
Is Dijkstra’s algorithm correct? Is Dijkstra s algorithm correct?
| |
Invariant: For every vertex removed from the heap, Invariant: For every vertex removed from the heap, dist[v] is
dist[v] is the actual shortest distance from s to v the actual shortest distance from s to v
DUKSTRA(G, s) The only time a vertex gets visited is when the distance from
l) for all p ;M - s to that vertex is smaller than the distance to any remaining
3 prevfo] — null proof? vertex
4 distls] — 0
5 Qe MakeHeap(V)
§ whilelEMPTV(Q) Therefore, there cannot be any other path that hasn’t been
7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E visited already that would result in a shorter path
) if dist[v] > distlu] + w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist1])
12 prevfv] — u
47 48

12
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Running time? Running time?
| |

DUKSTRA(G DUKSTRA(G,
1 foralveV T forallveV
2 distft] — o 2 distlu] —
3 prevfv] — null 3 prevfv] — null (Vi)
1 dist[s] — 0 1 o ‘
5 Q< MAKEHEAP(V) 5 Q< MAKeEHEAP(V)
6 while IEMPTY(Q) ! T while TE Jon 1 call to MakeHeap
7 u — EXTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E \ for-alt elges (v = V[ calls to Extract-
9 SE dist[o] > dist{u] + w(u,e 0 i dist[o] > distlu] + w(u. )

10 dist[v] — distlu] v 10 dist{n] — distlu] + w(u n)

11 DrcREASEKEY(Q. v, dist[v]) [ DEcREASEKEY(Q. v.distle]) |

12 previ] —u 12 previv] — u |E| calls to Decrease-H

49 50
Running time? Running time?
| |
Depends on the heap implementation Depends on the heap implementation
1 MakeHeap  |V| ExtractMin  |E| DecreaseKey Total 1 MakeHeap  |V| ExtractMin  |E| DecreaseKey Total
Array o(vh o) O(ED o(vR) Array o(vi ovR) O(E]) oV
Binheap  O(|V]) O(IVllog [VI) O(IEllog V) O((IVI*[E]) log IVI) Binheap  O(|V]) O(IVllog [VI) O(Ellog [VI)  O((IVI*IE]) log [VI)
O(IE| log V]) O([E][ log V)
Is this an improvement? If |[E| < [V|2/log |V|
51 52

13
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Running time?
[

Depends on the heap implementation

1MakeHeap  |V| ExtractMin  |E| DecreaseKey

Array oIV o(vR) O(EN
Binheap  O(IV|)

O(IVllog V1) O(E| log |V])

Total

o(vI2)

O((IVI+|EI) log [V])

Dijkstra’s vs Prim’s

DUKSTRA(G, 5) Prim(G,r) .

1 forallveV 1 forallv ey

2 2 o 2 keyle] — oo

3 previo] — null 3 prevfe] — null
1 distls] — 0 4 keylr] —0

5 Q= Makelear(V) 5 H  MAKEHEAP]

6 while IEMPTY(Q)

«  EXTRACTMIN(Q)
for all edges (u,v) € £

O([E| log |V]) 0 if dist[v] > dist[u] + w(u.v)
10 dist[v) o dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
1 preatol 2 prevlo)
Fib heap  O(|V|) O(IV| log |VI) O(IEl) O(|Vl log V| + [E])
53 54
What about Dijkstra’s on...2 What about Dijkstra’s on...?2
| |
Dijkstra’ s algorithm only
works for positive edge
weights
1
1
5
10 -10
55 56

14
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Is Dijkstra’ s algorithm correct?
[

Invariant: For every vertex removed from the heap, dist[v] is
the actual shortest distance from s to v

The only time a vertex gets visited is when the distance from
s to that vertex is smaller than the distance to any remaining
vertex

Therefore, there cannot be any other path that hasn’t been
visited already that would result in a shorter path

We relied on having positive edge weights for correctness!

Bounding the distance
=

Another invariant: For each vertex v, dist[v] is an upper bound on
the actual shortest distance

DUKSTRA(G, 5)

1 forallveV

2 dist[v] — oo

3 previe] — null

4 distls) =0

5 Qe MakeHear(V)

6 while IEMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € £

9 if dist[v] > distlu] + w(u,v)

10 distle] — distlu] + w(u,v)
1 DECREASEKEY(Q. 0, dist[t])

12 previe] — u

Is this a valid invariant?

57 58
Bounding the distance dist[v] = min{dist[v], dist[u]+ w(u,v)}
| |
Another invariant: For each vertex v, dist[v] is an upper bound on Can we ever go wrong applying this update rule?
the actual shortest distance . . .
We can apply this rule as many times as we want and will
start off at o never underestimate dist[v]
only update the value if we find a shorter distance
When will dist[v] be right?
If uis along the shortest path to v and dist[u] is correct
An update procedure: for an edge (u,v)
dist[v] = min{dist[v], dist[u]+ w(u,v)}
59 60

15



dist[v] = min{dist[v], dist[u]+ w(u,v)}
| )

dist[v] will be right if v is along the shortest path to v and
dist[u] is correct

Consider the shortest path from s to v

dist[v] = min{dist[v], dist{u]+ w(u,v)}
| )

dist[v] will be right if u is along the shortest path to v and
dist[u] is correct

What happens if we update all of the vertices with the
above update?

61

62

dist[v] = min{dist[v], dist[u]+ w(u,v)}
| ]

dist[v] will be right if u is along the shortest path to v and
dist[u] is correct

What happens if we update all of the vertices with the
above update?

correct

dist[v] = min{dist[v], dist[u] + w(u,v)}

dist[v] will be right if u is along the shortest path to v and
dist[u] is correct

What happens if we update all of the vertices with the
above update?

correct correct

63

64

3/28/24
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dist[v] = min{dist[v], dist[u]+ w(u,v)}
| )
dist[v] will be right if v is along the shortest path to v and

dist[u] is correct

Does the order that we update the vertices matter?

correct correct

dist[v] = min{dist[v], dist{u]+ w(u,v)}
| )

dist[v] will be right if u is along the shortest path to v and dist[u] is
correct

How many times do we have to do this for vertex pi to have the
correct shortest path from s2

itimes

65 66
dist[v] = min{dist[v], dist[u]+ w(u,v)} dist[v] = min{dist[v], dist[u] + w(u,v)}
| |
dist[v] will be right if u is along the shortest path to v and dist[u] is dist[v] will be right if u is along the shortest path to v and dist[u] is
correct correct

How many times do we have to do this for vertex pi to have the
correct shortest path from s2

i times

correct correct

How many times do we have to do this for vertex pi to have the
correct shortest path from s2

i times

correct correct  correct

67

68

3/28/24
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dist[v] = min{dist[v], dist[u]+ w(u,v)}

dist[v] will be right if u is along the shortest path to v and dist[u] is
correct

How many times do we have to do this for vertex pi to have the
correct shortest path from s2

i times

correct correct  correct correct

dist[v] = min{dist[v], dist{u]+ w(u,v)}

dist[v] will be right if u is along the shortest path to v and dist[u] is
correct

How many times do we have to do this for vertex pi to have the
correct shortest path from s2

itimes

correct correct  correct correct L)

70
dist[v] = min{dist[v], dist[u]+ w(u,v)} Bellman-Ford algorithm
| |
dist[v] will be right if u is along the shortest path to v and dist[u] is BELLAAN-FORD(G, 5)
correct .
1 forallvel
2 dist[v] —
What is the longest (vertex-wise) the path from s to any node v j distls] *‘:;u 0] = it
can be? 5 for ,.
5 fori—1lto|V|—1
[V] - 1 edges/vertices 6 for all edges (u,v)
7 if dist[v] > dist[u] + w(u,v)
8 dist[v] — dist[u] +w(u,v)
9 prevjy] — u
10 for all edges (u,v) € E
11 if dist[v] > dist[u] + w(u,v)
12 return false
correct correct  correct correct -
71 72
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Bellman-Ford algorithm

Bellman-Ford algorithm

| )
BELLMAN-FORD(G, s) BELLMAN-FORD(G, s)
1 forallveV Initialize all the 1 forallveV
2 dist[v] — oo : 2 distv] — 0o
3 prev]] — null distances 3 prevfu] — null
4 dist[s] — 0 . . 4 dist[s] =0
5 fori— TtoV[=1 doit V] -1 times 5 forie1to|V|—1
6 for all edges (u,v) € E iterate over all 6 for all edges (u,v) € E
7 if dist[v] > dist[u] +w(u,v) edges/vertices and 7 if dist[v] > dist[u] +w(u,v)
8 dist[v] — dist[u] + w(u,v) apply update rule 8 dist[v] — dist[u] + w(u,v)
9 prevfv] — u 9 prev[v] — u
U for all edges (u,0) € F 10 for all edges (u,v) € .
11 if dist[v] > dist[u] +w(u,v) 11 if dist[v] > dist[u] + w(u,v) check for negative
12 return false 12 return false cycles
73 74
Negative cycles Bellman-Ford algorithm
| ] | ]
What is the shortest path BELLMAN-FORD(G, <)
1 forallveV
from a to e? 2 distlt] — oo
3 prev[v] — null
4 dist[s] — 0
; 5 fori—1lto|V|—1
6 for all edges (u,v) € E
1 7 if dist[v] > dist[u] +w(u,v)
8 dist[v] — dist[u] +w(u,v)
5 0 prev[v] — u
0 10 for all edges (u.v) € £
11 if dist[v] > dist[u] + w(u,v)
12 return false
3
75 76
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Bellman-Ford algorithm Bellman-Ford algorithm
| ) | el
How many edges is How many edges is
the shortest path the shortest path
from s to: from s to:
. "f/ / A A3
1 : P 1
y z ‘ B:
D:
77 78

Bellman-Ford algorithm
[

How many edges is
the shortest path
from s to:

Bellman-Ford algorithm

How many edges is
the shortest path
from s to:

79

80
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Bellman-Ford algorithm
[
How many edges is

the shortest path
from s to:

Bellman-Ford algorithm
[
How many edges is

the shortest path
from s to:

81

82

Bellman-Ford algorithm

Iteration: 0

Bellman-Ford algorithm

Iteration: 1

83

84
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Bellman-Ford algorithm

Iteration: 2

Bellman-Ford algorithm

Iteration: 3

A has the correct
distance and path

85

86

Bellman-Ford algorithm

Iteration: 4

Bellman-Ford algorithm

Iteration: 5

B has the correct
distance and path

87

88
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Bellman-Ford algorithm Bellman-Ford algorithm
| ) | )
Iteration: 6 Iteration: 7
8 8 D (and all other
nodes) have the
correct distance
and path
6 6
9 9
89 90
Correctness of Bellman-Ford Runtime of Bellman-Ford
| |
. . . P . . BELLMAN-FORD(G, s)
Loop invariant: After iteration i, all vertices with shortest 1 g R
orall vel
paths from s of length i edges or less have correct distances 92 dist[v] — oo
3 prevfv] — null
3 4 dist[s] — 0
BELLMAN-FORD(G, 5) 5 forie1to V|1
1 forallveV 6 for all edges (u,v) € E
i disto] — oo i 7 if dist[v] > dist[u] +w(u,v)
5 g o] mud 3 distlv] — distlu] + w(u,v)
5 fori—lto[V]|—1 9 prevf] —u
6 for all edges (u,) € E 10 for all edges (u.v) € B
7 if dist[v] > dist[u] + w(u,v) 11 if dist[v] > dist[u] + w(u,v)
3 distlv] — dist[u] + w(u,v) 12 return false
9 previo] — u
10 for all edges (u.v) € B
1 i distfu] > distfu] + w(u,v) o(V| [E])
12 return false
91 92
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Runtime of Bellman-Ford

BELLMAN-FORD(G, )

GO G e

8
9
10
11
12

foralveV
dist[v] — oo
prev[v] — null
dist[s] — 0
fori—1to [V|—1
for all edges (u,v) € E
if dist[v] > dist[u] +w(u,v)
dist[v] — dist[u] +w(u,v)
prevfo] — u
for all edges (u,v) € E
if dist[v] > dist[u] + w(u,v)
return false

Can you modify the algorithm to run
faster (in some circumstances)?

Shortest Paths

What is the shortest path from A to E2

93

94

Shortest Paths

Shortest Paths

What algorithm would we use to calculate this?

95

96
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Shortest Paths Shortest Paths
| ) | )
Bellman-Ford (since the graph has negative edges) - Bellman-Ford (since the graph has negative edges)
- O(VE) - O(VE)
- Called a single-source shortest path algorithm. Why?
97 98
Shortest Paths Shortest Paths
| |
Bellman-Ford (since the graph has negative edges) What is the shortest path from A to C2
- O(vE) If we already calculated A to E using Bellman-Ford
- Caleulate all paths from a single vertex. do we need to do any work?
99 100
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Shortest Paths Shortest Paths
| ) | )
. What is the shortest path from D to C2
No new calculations! f read leulated A 1o E using Bell
Bellman-Ford calculates all shortest paths starting we already calculate fo E using Bellman-
at A Ford do we need to do any work?
101 102

Shortest Paths All pairs shortest paths
| |
All pairs shortest paths: caleulate the shortest paths
between all vertices
Different source.
Have to run Bellman-Ford again!
103 104
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All pairs shortest paths
=

All pairs shortest paths: calculate the shortest paths
between all vertices

Easy solution?

All pairs shortest paths
=

All pairs shortest paths: calculate the shortest paths
between all vertices

Run Bellman-Ford from each vertex!

Running time (in terms of E and V)2

105 106
All pairs shortest paths DAGs?

| ] | ]

All pairs shortest paths: caleulate the shortest paths

between all vertices

Run Bellman-Ford from each vertex!

O(VE)

* Bellman-Ford: O(VE)

* V calls, one for each vertex
107 108
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Handout

Kruskals

Add smallest edge that connects two sets.
not already connected

Prims

Starting at 0, grow MST by adding lowest
weight edge out of current MST

109

Bellman-Ford algorithm

111

110

28



