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Longest common Step 1: Define the problem
subsequence (LCS) with respect to subproblems
For a sequence X = Xy, X,, ..., X,, @ subsequence is X=ABCBDAB
a subset of the sequence defined by a set of !
increasing indices (iy, iy, ..., i) where
1sij<i,<...<i<n Y=BDCABA
I
X=ABACDABAB
LCS(X.Y 1+ LCS(X, s Y et) ifx, =y,
ABA? CS(x, F{max(LCS(X," L WY),LCS(X,Y, ) otherwise

(for now, let’s just worry about counting the length of the LCS)
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Step 2: Build the solution from | ::¢ ospge]  LREOSU-L-m ey, | 882
M7 max(LCS[i =1, j1,LCS[i, j-1] otherwise
the bottom up
LCS(X.Y) = 1+ LCS(X, 15X, ) ifxn=‘ym jil012345686
max(LCS(X, ,,,Y),LCS(X,Y, ) otherwise i yy, BDCABA
0x 0000000
1A 0000111
2B|0111122
3C|0112222
LCS(Xy j Yy k) 4B|0112233
- : 5D | 0122233
1+ LCS[i-1,7-1 fx =
st ]={max(LgSL[i—1[lj] ,L]CS[1 j-1 (I)th)eriJ;/e 6A 10122334
R 7B | 0122344
82 Keeping track of the solution | :::

LCS Algorithm

LCS-LENGTH(X,Y)

1 m « length[X]

2 n« lengthlY’

3 ¢0,0] 0 v @(nm)
4 fori—1tom

5 c[i,0] <0

6 forj«—1lton

7 cf0,5] <0

8 fori—1ltom

9 forj—1lton
10 if z; =y;
11 clij] —1+cli—1,5—1]
12 elseif c[i —1,7] > cfi,j — 1]

13 ofi, ] — cfi — 1,4]

14 else

15 cli,j] — cli,j —1]

16 return c[m,n]

Our LCS algorithm only calculated the length of the
LCS between X and Y

What if we wanted to know the actual sequence?
Keep track of this as well...

8 fori«—1ltom

9 forj—1ton
10 ifz; =y
11 cliyj] — 1+cfi—1,j—1] N
12 elseif cfi —1,7] > cli,j — 1]

13 ofi ]~ cli —1,4] t
14 else

15 clig] « cli,j = 1] —

16 return cm,n]
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. 1+ LCS[i, j] ifx, =y E
LCS[i, j1= ! H
{max(LCS[i -1,71,LCS[i, j-1] otherwise
ij]0123456
i yy BDCABA
0 |00pp000
1TA|0000O0 1':1 1
2B 0\f1'_f1:1 2«2 We can follow the
3C 01 ?‘?\2 2 arrows to generate
4 B 0'\1 f1 2233 the solution
tx
5D 01722233
6A 0122334
7B|0M 22344

LCS[i, /1= 1+ LCS[i, j] if x; =y,
M7 max(LCS[i -1, j1,LCS[i, j-1]  otherwise
jlo123456
i yy BDCABA
o [o28 0000
N AN
2B 0 1“}‘:1 1 2 2 We can follow the
3C 01 J f"f\2 2 arrows to generate
4 B 0'\1 1 2 4—‘3 the solution
RS Y
5D 01722273
6A 0122331
7B | 0™ 2234

Longest increasing
subsequence

Given a sequence of numbers X = x4, X,, ..

find the longest increasing subsequence

(iy, iy, ..., i), that is a subsequence where
numbers in the sequence increase.

52863697

o X,

Longest increasing
subsequence

Given a sequence of numbers X = x4, X,, ..

find the longest increasing subsequence

(i1, ip, ..., i), that is a subsequence where
numbers in the sequence increase.

5286 7

o Xp
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Step 1: Define the problem
with respect to subproblems

528636097
I

Two options:
Either 5 is in the
LIS or it’s not

Step 1: Define the problem
with respect to subproblems

52863697

include 5 ]

5+LIS8 6 3697)

Step 1: Define the problem
with respect to subproblems

52863697

include 5 ]

5+LIS8 6 36 97)
!
What is this function exactly?

-

longest increasing
sequence of the
numbers

longest increasing
sequence of the
numbers starting with 8

Step 1: Define the problem
with respect to subproblems

52863697

include 5 ]
5+LIS86 36 97)
\_Y_)

What is this function exactly?
longestincreasing This would allow for the option of
sequencéof the sequences starting with 3 which
numbers are NOT valid!
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Step 1: Define the problem
with respect to subproblems

52863697

include 5 ]
5+LIS(8 6 369 7)
l_Y_’

longest increasing sequence of
the numbers starting with 8

Do we need to consider anything
else for subsequences starting at 5?

Step 1: Define the problem
with respect to subproblems

52863697
include 5 |

5+LIS(86 3697)

5+LIS'(6 369 7)

5+LIS'(6 9 7)

5+LIS(9 7)

5+ LIS'(7)

Step 1: Define the problem
with respect to subproblems
52863697
don’t

include 5

LIS2 8 6 36 9 7)
Anything else?

Technically, this is fine, but now we have
LIS and LIS’ to worry about.

Can we rewrite LIS in terms of LIS’?

Step 1: Define the problem
with respect to subproblems

LIS(X) = max{LIS'(i)}

Longest increasing sequence for X
is the longest increasing sequence
starting at any element

And what is LIS’ defined as (recursively)?
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Step 1: Define the problem
with respect to subproblems

LIS(X) = max{LIS'(i)}

Longest increasing sequence for X
is the longest increasing sequence
starting at any element

LIS'(@)= max {l+LIS'(X, )}

Longest increasing sequence starting at i

Step 2: build the solution from |
the bottom up

LIS'G)= max {1+LIS'(X, )}

LIS™:
528636097
l

Step 2: build the solution from | £
the bottom up

LIS'()= max {l+LIS'(X, )}

LIS’
52863697

I

Step 2: build the solution from |
the bottom up

LIS'G)= max {1+LIS'(X, )}

LIS™:
52863697
l
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Step 2: build the solution from | £
the bottom up

LIS'()= max {I+LIS'(X, )}

LIS’
52863697

I

Step 2: build the solution from |
the bottom up

LIS'G)= max {1+LIS'(X, )}

LIS™:
52863697
l

Step 2: build the solution from | £
the bottom up

LIS'()= max {I1+LIS'(X, )}

LIS’
52863697

l

Step 2: build the solution from |
the bottom up

LIS'G)= max {1+LIS'(X, )}

LIS™:
52863697
l
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Step 2: build the solution from | £
the bottom up

LIS'()= max {I+LIS'(X, )}

LIS’
52863697

l

Step 2: build the solution from |
the bottom up

LIS'G)= max {1+LIS'(X, )}

LIS™:
52863697
l

Step 2: build the solution from | £
the bottom up

LIS'()= max {I1+LIS'(X, )}

LIS’
52863697

l

Step 2: build the solution from |
the bottom up

LIS'G)= max {1+LIS'(X, )}

LIS™:
52863697
l
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oo oo
Step 2: build the solution from | &2 Step 2: build the solution from | &2
the bottom up the bottom up
LIS'()= max {I+LIS'(X, )}
ii>land x;>x; LIS(X)
1 n+« LENGTH(X)
2 create array lis with n entries
LIS': 3|42 2 3 2 1 1 $oricntol
5 for j—i+1ton
528636097 ; e
7 if 1+ lis[j] > max
. 8 max «— lis
LIS(X) = max{LIS' (i)} R e
! 10 maz — 0
11 fori—1lton
12 if lisfi] > max
13 maz — lisli]
14 return max
. . ose . . 1
Step 2: build the solution from | &2 Step 2: build the solution from | &2
the bottom up the bottom up
LIS(X) LIS(X)
1 n+« LENGTH(X) 1 n« LENGTH(X)
) create aruay lis s 2 create array lis with n entries LIS @)= max {1+LIS'(X, )}
3 fori—mntol start from the end (bottom) 3 fori—mntol tiland x>,
E maxr — 1 4 maz — 1
5 for j—i+1ton 5 for j—i+1ton
6 it X[j] > X[i] 6 it X[j] > X[i]
7 if 1+ lis[j] > maz 7 if 1+ lis[j] > maz
8 maz — 1+ lis[j] 8 max — 1+ lis[j]
9 lisli] — max 9 lisli] — max
10 mazx — 0 10 maz — 0
11 fori— 1lton 11 fori—1lton
12 if lis[i] > max 12 if lis[i] > max
13 maz — lis[i] 13 maz — lisli]

14 return max

14 return max
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Step 2: build the solution from | £
the bottom up

LIS(X)
1 n+« LENGTH(X)

2 create array lis with n entries

3 fori—mntol

4 max — 1

5 for j—i+1ton

6 it X[j] > X[i]

7 if 1+ lis[j] > maz

8 maz — 1+ lis[j]

9 lis|i] — max

10 mazx — 0

11 fori—lton LIS(X) = max{L[S'(l')}
12 if lis[i] > max i
13 mazx — lis[i]

14 return max

Step 2: build the solution from |
the bottom up

LIS(X)
1 n+« LENGTH(X)

2 create array lis with n entries

3 fori—ntol

4 maz — 1 |
5 for j—i+1ton

6 if X[j] > X[i]

7 if 1+ lis[j] > maz

8 max — 1+ lis[j]
9 lisli] — max

10 maz — 0

11 fori—1lton

i itk mar initialization?
3 maz — lisli]

14 return max

Running time?

LIS(X)
1 n < LENGTH(X)

2 create array lis with n entries

3 fori—mntol 2
4 mazx «— 1 e(n )
5 for j—i+1ton

6 if X[7] > X[i]

7 if 1+ lis[j] > max

8 maz — 1+ lis[j]

9 lisi] — max

10 max —0

11 fori«— lton

12 if lis[i] > max

13 mazx «— lis[i]
14 return max

Another solution

e Can we use LCS to solve this problem?

52863697
LCS

23566789

10
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Another solution

e Can we use LCS to solve this problem?

52863697
LCS

23566789

Memoization

e Sometimes it can be a challenge to write the function in
a bottom-up fashion

o Memoization:
o Write the recursive function top-down
o Alter the function to check if we've already calculated the value
o If so, use the pre-calculate value
o If not, do the recursive call(s)

Memoized fibonacci

FiBoNaccr(n)

1 ifn=1lorn=2
return 1

else

- w

return FiBoNacci(n — 1) + FiBoNAccl(n — 2)

F1BONACCI-MEMOIZED(n)
1 fib[l] —1

2 fib[2] —1

3 fori—3ton

4 fibli] — o

5 return FiB-LoOKUP(n)
FiB-LooKuUP(n)

1 if fib[n] < o

2 return fib[n]
3 2« FiB-Lookupr(n — 1) + FiB-Lookupr(n — 2)
L if @ < fibln]

5 fib[n] — x

6

5 return fib[n]

Memoized fibonacci

FiBonacci(n)
1 ifn=1lorn=2

2 return 1
3 else
1 return FioNacci(n — 1) + FiBoNacci(n — 2)

FIBONACCI-MEMOIZED(n)
fib[1] 1
fib[2] 1
fori+ 3ton

fibli] + o
return FIB-LOOKUP(n)

U W N

F1B-LOOKUP(n)
1 if fibn] < o0
2 return fib[n]

3 fib[n] « F1B-LOOKUP(n — 1) + FIB-LOOKUP(n — 2)
4 return fibn]

1
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Memoized fibonacci

FiBoNacci(n)
1 ifn=1lorn=2

2 return 1
3 else
1 return FiBoNacci(n — 1) + FisoNaccl(n — 2)

F1BONACCI-MEMOIZED(n)
1 fib[l] 1
2 fib[2] —1

3 fori—3ton
4 fibli] — o
5

Use « to denote

uncalculated

return FiB-LOOKUP(n)
FiB-LOoOKUP(n)

1 if fibn] < oo
2 return fib[n]

3 2« FiB-Lookup(n — 1) + FIB-LOOKUP(n — 2)

4 if x < fib[n]
5 fibln] — x
6 return fib[n]

Memoized fibonacci

FiBonacci(n)

1 ifn=1lorn=2

2 return 1
3 else
1 return FiBoNacci(n — 1) + FiBoNacci(n — 2)

FIBONACCI-MEMOIZED(n)

1 fib[l] —1 besides an
2 fib[2] —1

3 fori—3ton

4 fibi] — oo

5 return FiB-LOOKUP(n)

FiB-Lookup(n)

1 if fib[n] < oo

2 return fib[n]

3 2« FiB-Lookupr(n — 1) + FIB-LOOKUP(n — 2)
L if @ < fib[n]

5 fibln] — x

6 return fib[n]

What else could we use

array?

Use « to denote
uncalculated

Memoized fibonacci

FiBoNacci(n)
1 ifn=1lorn=2

2 return 1
3 else
1 return FiBoNacci(n — 1) + FisoNaccl(n — 2)

F1BONACCI-MEMOIZED(n)
1 fib[l] 1

2 fib[2] —1

3 fori—3ton

4 fibli] — o

5 return FiB-LoOKUP(n)

FiB-Lookup(n)

if fib[n] < o0
return fib[n]

1
2
3z — FiB-Lookupr(n — 1) + FiB-LooK
4 if x < fib[n]

5 fibln] — x
6 return fib[n]

Check if we already
calculated the value

P(n —2)

Memoized fibonacci

FiBonacci(n)

1 ifn=1lorn=2

2 return 1
3 else
1 return FiBoNacci(n — 1) + FiBoNacci(n — 2)

FIBONACCI-MEMOIZED(n)
1 fib[l] —1

2 fib[2] —1

3 fori—3ton

4 fibli] — oo

5 return FiB-LooKup(n)
FiB-Lookup(n)

1 if fib[n] < oo

2 return fib[n]

‘3 2 — FiB-LOOKUP(n — 1) + FIB-LOOKUP(n — 2) ‘ calculate the value

4 if x < fibln]
5 fibln] — x
6 return fib[n]

12
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Memoized fibonacci

FiBoNacci(n)

1 ifn=1lorn=2
return 1

else

- w

return FiBoNacci(n — 1) + FiBoNAccCl(n — 2)

FIBONACCI-MEMOIZED(n)
1 fib[l] —1

2 fib[2] — 1

3 fori—3ton
| fibli] — o

5 return FiB-LooKUP(n)

FIB-LOOKUP(n)

1 if fib[n] < o

2 return fib[n]

3 =z« FiB-Lookupr(n — 1) + FiB-Lookupr(n — 2)
1

5

if » < fib
e jl}lz,][”]%r store the value

Memoization

e Pros
o Can be more intuitive to code/understand
» Can be memory savings if you don’ t need answers to
all subproblems
e Cons

o Depending on implementation, larger overhead
because of recursion (though often the functions are
tail recursive)

Quick summary

e Step 1: Define the problem with respect to subproblems
o We did this for divide and conquer too. What's the difference?

« You can identify a candidate for dynamic programming if there is
overlap or repeated work in the subproblems being created

e Step 2: build the solution from the bottom up

o Build the solution such that the subproblems referenced by larger
problems are already solved

» Memoization is also an alternative

0-1 Knapsack problem

e 0-1 Knapsack — A thief robbing a store finds n items
worth v,, v,, .., v, dollars and weight
Wy, Wy, ..., W, pounds, where v, and w, are integers. The
thief can carry at most W pounds in the knapsack.
Which items should the thief take if he/she wants to
maximize value?

e Repetition is allowed, that is you can take multiple copies
of any item

K(w) = max{K(w-w)+v}

13



